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This  paper  describes  a thermal  model  of  electric  contacts  suitable  for power  circuits,  especially  for
pantograph–catenary  system  used  to  supply  the  electric  vehicles  as tramways  and  trains.  Because  the
contact  pieces  are  made  of different  materials,  the  thermal  model  deals  with  two  different  thermal  power
vailable online 29 December 2012

eywords:
hermal analysis
lectric contacts
antograph–catenary

loss using  fractions  of  the  total thermal  power.  The  maximum  contact  heating  and  the heating  distribution
expressions  have  been  established  for both  contact  pieces.  This  model  has  been validated  for  an  electric
contact  between  a small  pantograph  and  a  copper  disc  with  the  aim  to simulate  the  contact  between
the  pantograph  and  the  catenary.  The  model  can  be used  to analyse  the  thermal  behaviour  of  electric
contacts  made  of  different  materials  at different  values  of  the electric  current,  contact  force  or  ambient
temperature,  in  steady-state  conditions.
. Introduction

Thermal analysis of electrical contacts represents an impor-
ant aspect for many applications. A special domain is the contact
etween the pantograph and the contact line for the electric vehi-
les supplied from a catenary system, where the contact is realized
etween two different materials.

The problems regarding the contact between the pantograph
nd the contact wire are largely studied in the literature with
mportant results, considering the pantograph–catenary models
nd simulations [1] but also the thermal aspects. In [2] it is assumed
hat the contact occurring between contact strip and contact wire
s mostly influenced by the dissipated power at the contact due
o arcing, friction effect and Joule effect. It establishes a 2D model
or the evaluation of the thermal contact between the contact strip
nd the contact line. It has been concluded that mechanical and
lectrical parameters (speed, normal force, friction coefficient and
urrent) are the essential parameters governing the heat trans-
er. There are also studies on the wear of the contact wire and
f the collector strip including the thermal aspects [3,4], on the
amages of the pantograph–catenary system due to the electri-
al faults [5] and on the pantograph arcing effects over the vehicle
upply [6]. The contact resistance is also largely studied [7],  includ-
ng the electrical contact resistance of pantograph–catenary system

n correspondence with the contact force and the electric current
8]. Different materials for the contacts were also studied [9,10]
ncluding researches for new contact strip materials [11].

∗ Tel.: +40 232 278680; fax: +40 232 254604.

378-7796/$ – see front matter ©  2012 Elsevier B.V. All rights reserved.
ttp://dx.doi.org/10.1016/j.epsr.2012.11.009
© 2012 Elsevier B.V. All rights reserved.

Thermal analyses of electrical contacts are realized for differ-
ent applications [12–14] but there are limited studies with thermal
aspects of the contact between the pantograph and catenary.

Ocoleanu [15] performed a thermal analyses using experimental
determination of temperature in contact pantograph–AC contact
line for an asymmetric pantograph.

This paper describes a thermal model for heating electrical con-
tacts based on cylindrical model in steady state conditions. The
model is applied for a specific application, the contact between
pantograph–catenary system used to supply the electric vehicles
as trams and trains. The experimental data are determined for the
materials used for pantograph (graphite) and contact line (cop-
per). The model can be used to analyse the thermal behaviour of
electric contacts made from different materials at different values
of the electric current, contact force and ambient temperature, in
steady-state conditions.

2. Thermal model

The goal of this study is to develop a mathematical model of
a linear electric contact made from two different materials, for
instance copper and graphite. A typical application is the linear con-
tact between pantograph and copper contact line from the trams or
trains. During this analysis, due to technological reasons for exper-
imental tests, the actual contact line has been simulated with a

copper disc. Hence, the linear electric contact is achieved between
the pantograph strip made from graphite (material 1, Fig. 1), with
frontal plane surface and the copper disc (material 2, Fig. 1), with
frontal cylindrical surface, as presented in Fig. 1. These two  pieces

dx.doi.org/10.1016/j.epsr.2012.11.009
http://www.sciencedirect.com/science/journal/03787796
http://www.elsevier.com/locate/epsr
dx.doi.org/10.1016/j.epsr.2012.11.009
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Fig. 1. The linear electric contact; 1 – graphite material and 2 – copper disc.

re in contact because of the press force F. The dimensions of the
inear contact can be evaluated through the formula,

al = F

H
(1)

In the above relation, the dimensions 2a and l (Fig. 1), actually
ean the width and respectively the length of the rectangle which

ncludes all the contact micro-points. The distance 2b means the
idth of the graphite material and rc is the radius of the copper
isc. In order to obtain the linear contact heating, it is necessary
o introduce a physical model for this type of electric contact, as

ylindrical model, Fig. 2. Taking into account this model, the contact
etween the graphite and the copper disc, is established through

 cylinder of radius a, and the length l. The radius rc of the copper
isc has a relatively high value (13 cm), this piece being assimilated

ig. 2. The cylindrical model for the linear contact; 1 – graphite material and 2 –
opper disc.
esearch 96 (2013) 211– 217

with a parallelepiped, Fig. 2. The equipotential surfaces have a semi-
cylinder shape and the electric current lines are orthogonally on
these semi-cylinders.

A  three-dimensional stationary temperature field � = �(r, ϕ, z) in
cylindrical coordinates is described as a differential equation of the
following type [16]:

�

(
∂2�

∂r2
+ 1

r

∂�

∂r
+ 1

r2

∂2�

∂ϕ2
+ ∂2�

∂z2

)
+ �(�)j2 = 0 (2)

where the first term represents the power removed from the
element by thermal conduction and the second term means the
heating power because of the current flow.

Considering the model symmetry there is no temperature vari-
ation with the angle ϕ, thus ∂�/∂ϕ = 0. Also, the thickness of the
copper disc is relatively small (5 mm)  which means no important
variation of the temperature with the coordinate z, so ∂�/∂z = 0.
Therefore, the temperature field for r ≥ a, is given by the following
equation,

1
r

∂�

∂r
+ ∂2�

∂r2
+ �j2

�
= 0 (3)

For the electrical resistivity a linear variation with the temper-
ature has been considered [17]

� = �0[1 + ˛R(� − �a)] (4)

and with the notation for the heating ϑ,

ϑ = � − �a (5)

the following relation is obtained:

∂2ϑ(r)
∂r2

+ 1
r

∂ϑ(r)
∂r

+ ˛R�0I2

��2l2
ϑ(r)
r2

+ �0I2

��2l2
1
r2

= 0 (6)

or:

r2 ∂2ϑ(r)
∂r2

+ r
∂ϑ(r)

∂r
+ mϑ(r) + n = 0 (7)

This is a non-homogeneous differential equation type Euler and
with the substitution,

r = et or t = ln r (8)

the above equation becomes:

∂2ϑ(t)
∂t2

+ mϑ(t) = −n (9)

with the solution:

ϑ(t) = A cos(	t)  + B sin(	t)  − n

m
(10)

where A and B are integration constants and 	 is the complex root
of the characteristic equation:

p(	) = 	2 + m = 0 (11)

Taking into account the substitution (8) and the relation (11),
the solution is given by the following equation:

ϑ(r) = A cos(
√

m ln r) + B sin(
√

m ln r) − n

m
(12)

The above solution can be written for both type of materials,
copper and graphite, as follows,

ϑ1(r) = c1 cos(
√

m1 ln r) + c2 sin(
√

m1 ln r) − n1

m1

ϑ2(r) = c3 cos(
√

m2 ln r) + c4 sin(
√

m2 ln r) − n2
(13)
m2

The integration constants c1, c2, c3 and c4 can be obtained from
the following limit conditions. At the boundary, r = a, the heating
on the graphite side of the contact is equal with the heating on the
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opper side of the contact and equal with the maximum contact
eating ϑcmax,

ϑ1(r)
∣∣
r=a

= ϑ2(r)
∣∣
r=a

= ϑc max (14)

If ˇPc, 0 <  ̌ < 1, is the fraction of the thermal power Pc (generated
t the contact area, due to the contact resistance during current
onduction, Pc = UcI), conducted to the graphite side of the contact,
hen the fraction (1 − ˇ)Pc is conducted to the copper side of the
ontact [18]. Therefore, at r = a:

−�1
∂ϑ1

∂r

∣∣∣∣
r=a

= ˇPc

�al
; −�2

∂ϑ2

∂r

∣∣∣∣
r=a

= (1 − ˇ)Pc

�al
(15)

At the distances r = r1 (r1 = 0.04 m)  and r = r2 (r2 = 0.04 m)  on the
raphite side of the contact and respectively, on the copper side of
he contact, there are the heating values ϑ1 and ϑ2 which can be
stablished from the measurements [19]:

ϑ1(r)
∣∣
r=r1

= ϑ1; ϑ2(r)
∣∣
r=r2

= ϑ2 (16)

From the solutions (13) and the above limit conditions, the fol-
owing expression for the parameter ˇ, has been obtained:

 = �  l

Pc
· 1

((tg(
√

m1 ln(r1/a)))/�1
√

m1) + ((tg(
√

m2 ln(r2/a)))/�2
√

m2)

×
[

ϑ2 + (n2/m2)
cos(

√
m2 ln(r2/a))

− ϑ1 + (n1/m1)
cos(

√
m1 ln(r1/a))

+ n1

m1
− n2

m2

]

+ 1
(�2

√
m2)/(�1

√
m1) · (tg(

√
m1 ln(r1/a)))/(tg(

√
m2 ln(r2/a))) + 1

(17)

q. (17) is valid for different materials and for different dimensions
f the contact pieces. If the same material is used for the contact
ieces, the parameters ˛R, � and � are identical. From Eq. (17) and
he limit condition (15), the expression for the maximum contact
eating is computed:

c = ϑ1 + (n1/m1)
cos(

√
m1 ln(r1/a))

+ 1
1 + ((�1

√
m1)/(�2

√
m2)) · (tg(

√
m2 ln(r2/a))/tg(

√
m1 ln(r1/a)))

×
[

ϑ2 + (n2/m2)
cos(

√
m2 ln(r2/a))

− ϑ1 + (n1/m1)
cos(

√
m1 ln(r1/a))

+ n1

m1
− n2

m2

]

+ Pc

�l
· 1

(�1
√

m1/tg(
√

m1 ln(r1/a))) + (�2
√

m2/tg(
√

m2 ln(r2/a)))
− n1

m1
(18)

After computations of the integration constants c1, c2, c3, c4 and
sing the equations (13), it results the expressions for the heating
istribution in steady-state conditions for both contact pieces:

1(r) = 1
cos(

√
m1 ln(r1/a))

[(
ϑ1 + n1

m1

)
cos(

√
m1 ln a) + ˇPc

��1
√

m1

×
[(

ϑ1 + n1

m1

)
sin(

√
m1 ln a) − ˇPc

��1
√

m1l
cos(

√
m1 ln r1)

]

2(r) = 1
cos(

√
m2 ln(r2/a))

[(
ϑ2 + n2

m2

)
cos(

√
m2 ln a) + (1 − ˇ)P

��2
√

m2

×
[(

ϑ2 + n2

m2

)
sin(

√
m2 ln a) − (1 − ˇ)Pc

��2
√

m2l
cos(

√
m2 ln r2)

]

. Discussion of the results
Further on, the influence of the main physical param-
ters upon contact temperature is analysed. As mentioned
n the previous section, the electric contact is made from
(
√

m1 ln r1)

]
cos(

√
m1 ln r) + 1

cos(
√

m1 ln(r1/a))

√
m1 ln r) − n1

m1
(19)

(
√

m2 ln r2)

]
cos(

√
m2 ln r) + 1

cos(
√

m2 ln(r2/a))

√
m2 ln r) − n2

m2
(20)

Fig. 3. The main electric circuit for experimental tests; 1 – graphite material and 2
–  copper disc.

two pieces, a copper disc with the thickness of 5 mm and
the radius about 130 mm.  The cross-section of the graphite
piece is 20 mm × 15 mm.  To compute the heating distribu-
tion the following material parameters have been considered:
� = 1.73 × 10−8 
 m,  � = 393 W/m ◦C,  ̨ = 4 × 10−3 /◦C for the cop-
per, and � = 1.7 × 10−6 
 m,  � = 160 W/m ◦C,  ̨ = 1.3 × 10−3 /◦C for
the graphite.

Heat transfer across the interface of two  solids can take place
by three different modes: 1 – conduction at the microcontacts, 2 –
conduction through the interstitial fluid in the gap between the
contacting solids, and 3 – thermal radiation. The radiation heat
transfer remains small and can be neglected when surface temper-
atures are not too high [20]. The interstitial fluid is assumed to be
absent, thus the only remaining heat transfer mode is conduction
through the micro-contacts.

Due to surface roughness, contact between two  surfaces occurs
only over microscopic contacts, which are located in the contact
plane. The real area of contact, i.e., the total area of microcontacts, is
a small fraction of the nominal contact area, typically a few percent
[21,22]. Heat flow is constricted to pass through the macrocontact
and then microcontacts. This phenomenon is observed through a
relatively high temperature drop across the interface between the
electrical contact pieces. However, many service failures of slid-
ing contacts occur by slow chemical and metallurgical reactions
at the contact area and the influence which this temperature rise
has on the reaction rate can significantly affect long term operating
performance of the pantograph–catenary system.

In order to compute the values for the parameter ˇ, and espe-
cially, for the heating distribution ϑ(r) and ϑ(r), on both contact
pieces, copper and graphite, some measurements of the voltage
drop on electric contact have been performed. An electric circuit
diagram used for experimental tests is shown in Fig. 3. The main
switch K, supplies with low voltage the autotransformer ATR. Using
a power rectifier bridge, the direct current is obtained through the

power circuit. The current value is measured by the ammeter A,

and its value can be adjusted through the power variable resistor
R. Also, the current value can be varied from the secondary voltage
of the autotransformer ATR. The main direct current flows through
the power resistor R, graphite piece 1 and the copper disc 2 and
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Table  1
Experimental data for voltage drop and heating for limit conditions at different currents and contact forces.

F [N]

10 20 30

Uc [V] ϑ1 [◦C] ϑ2 [◦C] Uc [V] ϑ1 [◦C] ϑ2 [◦C] Uc [V] ϑ1 [◦C] ϑ2 [◦C]

I = 15 A 0.47 10.1 8.7 0.33 8.9 7.7 0.285 8.2 6.8
I  = 25 A 0.69 21.7 16.0 0.44 19.1 15.3 0.38 18.4 13.9
I  = 40 A 0.98 46.1 31.9 0.7 37.4 26.1 0.557 33.5 24.4
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force is 30 N, Fig. 9, the heating has the following maximum values:
41.6, 21.5 and 10 ◦C when the electric current is 40, 25 and 15 A,
respectively. It is to notice that when the contact force increases,
ig. 4. The voltage drop variation against electric current at different contact forces
10 N, 20 N and 30 N).

ack to the power rectifier bridge. The voltage drop on the electric
ontact can be measured with a milli-voltmeter mV.  The contact
orce F can be varied through a controlled electromagnetic device
ype actuator.

Hence, the voltage drop values have been measured at differ-
nt electric current (15–40 A) and contact force values (10–30 N).
he results are reported in Table 1 and the voltage drop variation
gainst current values at different contact forces is presented in
ig. 4. It is to observe that contact voltage drop increases when the
lectric current increases too. On the other hand, when the contact
orce increases, the voltage drop decreases. This is explained by
he fact that, on the electric contact areas, when the contact force
ncreases, the contact resistance decreases, thus, the contact volt-
ge drop decreases too. The same observations apply to the contact
ower losses (Pc = UcI) variation against electric current at differ-
nt contact forces, Fig. 5. The power loss has a higher increase than
he voltage drop (Fig. 4) at the same electric current increasing.
his is explained through the fact that the power loss actually has

 parabolic variation with the electric current which flows through
he contact (Pc = RcI2). After contact’s voltage drop values have been

easured, the parameter  ̌ and the heating distribution have been
omputed. The variations of the parameter ˇ against electric cur-
ent at different contact forces are presented in Fig. 6. It is to observe
hat the fraction of the thermal power in the contact decreases
hen the electric current increases. Also, when the contact force

ncreases from 10 to 30 N, the fraction of the power loss in the con-
act decreases (i.e., from about 0.22 to 0.18 at electric current of
5 A). It implies that when the contact force increases, the fraction
f the thermal power loss in the contact becomes more important
o the copper side of the electric contact.

From Figs. 7–9,  the temperature rise distributions at different
urrent and force contact values are presented. There is a maxi-

um heating in the middle of the electric contact and then the

eating decreases both on copper and graphite contact side. In all
ases, the decreasing of the temperature rise is more emphasized
Fig. 5. Contact power loss variation against electric current at different contact
forces (10 N, 20 N, 30 N).

on the copper side, because the copper has a thermal conductiv-
ity (393 W/m ◦C) bigger than the graphite one (160 W/m ◦C). The
heating has the higher values at less contact force, 10 N, Fig. 7. In
this situation, the maximum heating ϑ is about 61.2 ◦C for an elec-
tric current of 40 A, and decreases to 31 ◦C on the copper side at a
distance of 50 mm from the contact centre. On the graphite side,
the decreasing is only up to 45.4 ◦C at the same distance of 50 mm
from the contact centre. At a current value of 25 A, the maximum
heating is about 28.8 ◦C and at 15 A, the highest value for the heat-
ing is 13.6 ◦C. In case when the contact force is 20 N, Fig. 8, the
maximum heatings are 47.5, 23.6 and 11.3 ◦C for the current values
of 40, 25 and 15 A, respectively. For the situation when the contact
Fig. 6. The fraction of the contact thermal power variation against electric current
at  different contact forces (10 N, 20 N and 30 N).
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Fig. 7. Heat distribution at different current values (15, 25 and 40 A) and contact
force of 10 N. Comparison between computed (g(c)1(2)(3)-ϑ-calc-15 A, g(c)1(2)(3)-
ϑ-calc-25 A and g(c)1(2)(3)-ϑ-calc-40 A) and experimental values (ϑ-exp-15 A, ϑ-
exp-25 A and ϑ-exp-40 A).

Fig. 8. Heat distribution at different current values (15, 25 and 40 A) and contact
force of 20 N. Comparison between computed (g(c)1(2)(3)-ϑ-calc-15 A, g(c)1(2)(3)-
ϑ-calc-25 A and g(c)1(2)(3)-ϑ-calc-40 A) and experimental values (ϑ-exp-15 A, ϑ-
exp-25 A and ϑ-exp-40 A).

Fig. 9. Heat distribution at different current values (15, 25 and 40 A) and contact
force of 30 N. Comparison between computed (g(c)1(2)(3)-ϑ-calc-15 A, g(c)1(2)(3)-
ϑ-calc-25 A and g(c)1(2)(3)-ϑ-calc-40 A) and experimental values (ϑ-exp-15 A, ϑ-
exp-25 A and ϑ-exp-40 A).

Fig. 10. Heat distribution at different contact force values (10, 20 and 30 N) and

electric current of 40 A. Comparison between computed (g(c)1(2)(3)-ϑ-calc-10 N,
g(c)1(2)(3)-ϑ-calc-20 N and g(c)1(2)(3)-ϑ-calc-30 N) and experimental values (ϑ-
exp-10 N, ϑ-exp-20 N, and ϑ-exp-30 N).

the maximum heating decreases for the same current value. This
is explained because at electric contacts when the press force is
increased, the contact resistance decreases. Therefore, the ther-
mal  contact power loss decreases and finally, the heating decreases
too. This observation is outlined in the Fig. 10 which presents the
heating distribution at different contact force values, from 10 to
30 N, but at the same electric current of 40 A. As mentioned for the
above figures, there is an important decreasing of the temperature
rise on the copper side because its thermal conductivity is bigger
than the graphite one. It can be noticed when the contact force
increases from 10 to 30 N, the maximum heating decreases from
61.2 to 41.6 ◦C.

Moreover, for the cylindrical model, it was analysed the heat
distribution on the two contact pieces, copper and graphite, for
different geometrical values 2a and l. In Fig. 11 it is presented the
heat distribution at different values of the copper disc thickness
(l1 = 2 mm,  l2 = 5 mm,  l3 = 8 mm),  a contact force of 10 N and for dif-

ferent current values (15 A, 25 A, 40 A). It is to notice the highest
heat values of the maximum heat when the thickness is l1 = 2 mm,
with different heat values depending on current: 19.1 ◦C (ϑg-15 A),

Fig. 11. Heat distribution at different length values (l1 = 2 mm,  l2 = 5 mm,  and
l3  = 8 mm)  and contact force of 10 N. Comparison between different current values
(ϑg,c-15 A, ϑg,c-25 A, and ϑg,c-40 A).
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Fig. 12. Heat distribution at different length values (l1 = 2 mm,  l2 = 5 mm,  and
l
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3  = 8 mm)  and contact force of 30 N. Comparison between different current values
ϑg,c-15 A, ϑg,c-25 A, and ϑg,c-40 A).

2.5 ◦C (ϑg-25 A) and respectively 92.6 ◦C (ϑg-40 A). By compari-
on, Fig. 12 presents the same heat distribution but for a force of
0 N. As it expected, the maximum heat values for all three currents
re lower than the previous case. Thus, the maximum heat values
or l1 = 2 mm are 14.3 ◦C (ϑg-15 A), 31.6 ◦C (ϑg-25 A) and respec-
ively 65.2 ◦C (ϑg-40 A).

Fig. 13 presents the heat variation at different radius values of
he cylindrical model (a1 = 0.15 mm,  a2 = 0.2 mm,  a3 = 0.5 mm), for

 contact force of 10 N and the same currents as in previous cases,
ϑg,c-15 A, ϑg,c-25 A, ϑg,c-40 A). It is to notice that for I = 15 A and

 = 25 A, the heat distribution is identically for both contact pieces,
opper and graphite (ϑg,c-15 A, ϑg,c-25 A). For the graphite, when
he current is 40 A and the distance is less than 0.02 m,  there are
ome differences between the heat for all values of the radius (ϑg,c-
0 A), but for the copper there are very small variations, Fig. 13.  By
omparison, Fig. 14 presents the same heat distribution when the
ontact force is 30 N. The maximum heat values are lower than the
revious case: 10.7 ◦C (ϑg-15 A), 22.7 ◦C (ϑg-25 A) and respectively
5 ◦C (ϑg-40 A). As in previous case, there are almost identically

eat values for different radius, especially for the copper. Only for

 current of 40 A and the distance less than 0.02 m it is to notice
ome differences between the heat values.

ig. 13. Heat distribution at different radius values (a1 = 0.15 mm,  a2 = 0.2 mm,  and
3  = 0.5 mm)  and contact force of 10 N. Comparison for different current values (ϑg,c-
5 A, ϑg, -25 A, and ϑg,c-40 A).
Fig. 14. Heat distribution at different radius values (a1 = 0.15 mm,  a2 = 0.2 mm,  and
a3  = 0.5 mm)  and contact force of 30 N. Comparison for different current values (ϑg,c-
15 A, ϑg,c-25 A, and ϑg,c-40 A).

Considering the influence of the ambient temperature onto
the contact line [23] the temperature distribution is presented in
Fig. 15.  It has considered the maximum test current of 40 A and the
maximum contact force of 30 N. The ambient temperature has been
varied from 5 to 40 ◦C. It results a maximum temperature variation
from 46.6 to 81.6 ◦C. Actually, there is a translation of the tempera-
ture curves both for copper and graphite side of the contact pieces
when the ambient temperature varies.

With the aim to validate the thermal model, some experimen-
tal tests have been done. Using proper thermocouples Th, type K,
the temperatures on the copper disc and graphite bar have been
acquired. The small voltage signals provided by thermocouples
have been amplified using a signal conditioning board type AT2F-
16. The amplified signal was the input for a data acquisition board
type PC-LPM-16. The testing current had the values ranging from
15 to 40 A and the contact force has been adjusted from the 10 to
30 N. The measurement points have been considered at 10, 20, 30
and 40 mm from the contact centre for both sides of the electric
contact.

When the contact force was  10 N, Fig. 7, the heating experimen-

tal data (ϑ-exp-40 A) at 10 mm from the contact centre for graphite
side is 51.7 ◦C and for copper side is 40.3 ◦C. The computed heat-
ing values at the same distance and the same test current of 40 A,

Fig. 15. Temperature distribution at different ambient temperature (5, 25 and
40 ◦C), electric current of 40 A and contact force of 30 N.
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re: 50 ◦C on graphite side (g3-ϑ-calc-40 A) and 39.1 ◦C on copper
ide (c3-ϑ-calc-40 A). At the distance of 40 mm from the contact
entre, the heating experimental data is 46.5 ◦C for graphite side
nd 32.1 ◦C for copper side. These values are very close to the com-
uted ones: 46.3 ◦C – graphite and 32 ◦C – copper. Hence, in the
ase of current value of 40 A, the big differences between exper-
mental and computed heating values are at small distance from
he contact centre (10 mm)  and there are very small differences
etween heating values at big distance from the contact centre
40 mm).  When the test current is decreased at 15 A, the varia-
ions between experimental (ϑ-exp-15 A) and computed heating
alues on graphite side (g1-ϑ-calc-15 A) and copper side (c1-ϑ-
alc-15 A) at 10 mm from the contact centre, are very small: 0.25 ◦C

 graphite and 0.48 ◦C – copper. At 40 mm distance from the con-
act centre, the differences between experimental and computed
eating values on graphite side (0.16 ◦C) and copper side (0.20 ◦C)
re very small too. Therefore, when the tested current decreases,
he differences between experimental and computed heating val-
es decrease too. The same conclusion can be outlined in the case of
ested current of 40 A and different contact forces, Fig. 10.  At contact
orce of 30 N and 10 mm distance from the contact centre, the differ-
nces between experimental (ϑ-exp-30 N) and computed heating
alues are 1.43 ◦C on graphite side (g3-ϑ-calc-30 N) and 1.12◦C on
opper side (c3-ϑ-calc-30 N). At 40 mm distance from the contact
entre, the differences between experimental and computed heat-
ng values are 0.14 ◦C on graphite side and 0.08 ◦C on copper side.

hen the contact force is 10 N, the differences between experi-
ental and computed heating values at both 10 or 40 mm distance

rom the contact centre, are very small (around 0.12 ◦C).
In the situations when the contact force is 20 N, Fig. 8, and 30 N,

ig. 9, it is to be observed that there are no important differences
etween experimental data (ϑ-exp-15(25)(40)A) and computed
eating values on both graphite side (g1(2)(3)-ϑ-calc-15(25)(40)A)
nd copper side (c1(2)(3)-ϑ-calc-15(25)(40)A) at both 10 or 40 mm
istance from the contact centre. On the other hand, the differences
etween the temperature values resulting from experimental tests
nd those obtained during computations are due to various factors:
easurement errors, thermal model simplifications and mounting

est conditions. Nevertheless, the maximum difference between
he experimental and computation results is less than 2 ◦C.

. Conclusion

To understand and to optimize the operating mechanisms of
antograph–catenary interaction, the thermal behaviour of the
lectric contacts and its application are of major interest. A thermal
odel has been proposed in order to evaluate the temperature dis-

ribution on the electric contact made from different materials in
teady-state conditions. The contact thermal model allows estab-
ishing the heating values near the contact centre on the both sides
f the contact at different values of the electric current, contact
orce or ambient temperature. The model can be used to evaluate
he maximum heating of the electric contact and to design new
ypes of contacts with a better heating distribution under different

echanical or electrical stresses.

ppendix A. List of symbols

 contact force
material hardness

length of the linear contact (disc thickness)

 cylinder radius of linear contact model
c contact voltage drop

 electric current through the contact

[

esearch 96 (2013) 211– 217 217

rc contact resistance
j current density
� electrical resistivity
� thermal conductivity
� temperature
�a ambient temperature.
˛R coefficient of electrical resistivity variation with temper-

ature
m1 by definition m1 = ˛R1�01I2

�1�2l2

n1 by definition n1 = �01I2

�1�2l2

m2 by definition m2 = ˛R2�02I2

�2�2l2

n2 by definition n2 = �02I2

�2�2l2
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This article presents a real photovoltaic module with modeling and simulations starting from the model of a photovoltaic (PV)
cell. 𝐼-𝑉, 𝑃-𝑉, and 𝑃-𝐼 characteristics are simulated for different solar irradiation, temperatures, series resistances, and parallel
resistances. For a real photovoltaic module (ALTIUS Module AFP-235W) there are estimated series and parallel resistances for
which the energetical performances of the module have optimal values for a solar radiation of 1000W/m2 and a temperature of
the environment of 25∘C. Temperature influence over the PV module performances is analyzed by using a thermal model of the
ALTIUS Module AFP-235W using the finite element method. A temperature variation on the surface of the PV module is starting
from a low value 40.15∘C to a high value of 52.07∘C. Current and power estimation are within the errors from 1.55% to about 4.3%.
Experimental data are measured for the photovoltaic ALTIUS Module AFP-235W for an entire daylight.

1. Introduction

Solar energy is a renewable and no pollution energy with a
significant annual riseup and this trend follows an ascending
path. Locally produced renewable energy is more and more
promoted as a key to the affordable and sustainable energy in
remote area, in small communities, or for small consumers
even into the large cities. Photovoltaic systems are realized
form photovoltaic (PV) cells; one of the major advantages
of photovoltaic cells is that they are highly modular and by
proper scaling, they can be expected to provide adequate
power for various loads [1]. These cells depend on photo-
voltaic effect for converting solar radiation into electricity
and the generated photocurrent is proportional to the solar
irradiation [2]. The output characteristics of a PV cell are
nonlinear and fluctuate with solar radiation, cell temperature,
series and parallel resistance, and other parameters of the
mathematical model [3].

Themodeling and simulation of the photovoltaicmodules
began long ago, but improvements of these models are ana-
lyzed and presented continually [2, 4–6].The implementation

of mathematical model of photovoltaic cell into specialized
software MATLAB-Simulink is widely used. The computing
models are realized by using the equations for the parameters
as thermal voltage, photovoltaic current, diode saturation
current, and ideality factor. The main characteristics can
be obtained, such as the current-voltage (𝐼-𝑉) and power-
voltage (𝑃-𝑉) characteristics [1, 4, 7–10]. The series and
parallel resistances have an important influence over the PV
cell parameters and these resistances are considered into the
mathematical models, but in some cases [11–13] the series
resistance is neglected into the model and in some cases [13–
17] the parallel resistance is neglected. Thermal analysis of
the photovoltaic panels is an important part of the studies
in order to estimate the temperature distribution in a PV
module and to determine the operating temperature of solar
system accurately. Optical parameters for the reflectivity,
transmissivity, and absorptivity for the relevant layers of
the module are taken into account to determine the heat
dissipation in the areas exposed directly to sunlight. Heat
losses by convection and radiation are also included in
simulations [18]. Finite element analysis is considered by
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Figure 1: Physical structure of the photovoltaic cell.

many researchers [18–21]. Also empirical models are used for
the photovoltaic devices [22].

Different studies consider cooling system in order to
reduce the operating temperature of the PV panel and to
increase the performance of it [19, 23, 24].

In this article a model of the photovoltaic module is
developed and the influence of some parameters are analyzed
as series and parallel resistances, temperature, and solar
irradiation over the PVmodule output characteristics. Simu-
lations of module characteristics are realized considering the
real data of a PV module ALTIUS AFP 235 and a thermal
analysis and thermal simulation is also realized. There are
also some experimental data analyzed and registered for an
ALTIUS 235 module which is in regular use. The authors
outline the variation of main electrical characteristics of a
real PV module depending on solar radiation and also the
correlation of the suitable functionality of the PV module
with the temperature.

2. Modeling the Photovoltaic Module

2.1. Ideal PV Cell. The photovoltaic (PV) cell is considered
as a semiconductor diode which is exposed to the solar
radiation (Figure 1). A part of this radiation is absorbed by the𝑝𝑛 junction creating pairs of electron hole. These electrical
charges are separated by the electric field E: the electrons
migrate in the “𝑛” area and the holes migrate in the “𝑝”
area.This separation is the photovoltaic effect and it generates
an electric current. This situation can be modeled into a
simplified model having a current source in parallel with
an ideal diode, with a photovoltaic current 𝐼pv and a diode
current 𝐼𝐷. Practical aspects of the PV cell can be studied
considering a single-diode PV model with a series resistance𝑅𝑠 and a parallel resistance 𝑅𝑝 (Figure 2).

The main equations to describe the 𝐼-𝑉 characteristics of
an ideal PV cell are [1, 4, 7]

𝐼 = 𝐼pv − 𝐼𝐷, (1)

𝐼𝐷 = 𝐼0 [exp ( 𝑞𝑉𝑎𝑘𝑇 − 1)] , (2)

𝐼 = 𝐼pv − 𝐼0 [exp( 𝑞𝑉𝑎𝑘𝑇) − 1] . (3)

D
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Figure 2: Equivalent model of a PV cell.
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Figure 3: The PV module equivalent circuit model.

2.2. Modeling the PV Module. Many researches [1, 5, 9, 10]
show that, for the analysis of the PV cells, there are some
necessary supplementary parameters to be used into (3):

𝐼 = 𝐼pv − 𝐼0 [exp(𝑉 + 𝑅𝑠𝐼𝑎𝑉𝑇 ) − 1] − 𝑉 + 𝑅𝑠𝐼𝑅𝑝 , (4)

where

𝑉𝑇 = 𝑘𝑇𝑞 . (5)

In order to assure the parameters required on the consumers,
a photovoltaic system has to be made by a sufficient number
of PV cells, connected in series or in parallel, usually called
modules or arrays. Figure 3 presents the equivalent circuit
model of a photovoltaic system.

For the structure module in Figure 3, (4) will be [5, 8]

𝐼 = 𝐼pv𝑁𝑝 − 𝐼0𝑁𝑝 [exp(𝑉 + 𝐼𝑅𝑠 (𝑁𝑠/𝑁𝑝)𝑎𝑉𝑇𝑁𝑠 ) − 1]

− 𝑉 + 𝐼𝑅𝑠 (𝑁𝑠/𝑁𝑝)𝑅𝑝 (𝑁𝑠/𝑁𝑝) .
(6)

Based on the same characteristic, the following items are to be
considered as well: the open circuit voltage/temperature coef-
ficient (𝐾𝑉), the short circuit current/temperature coefficient
(𝐾𝐼), and the maximum experimental peak output power
(𝑃max,𝑒) [5].These aspects are related to the nominal condition
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Figure 4: 𝐼-𝑉 characteristic of a practical photovoltaic device.

or to the Standard Test Conditions (STC). In these conditions
the photovoltaic device has series resistances 𝑅𝑠 with a strong
impact when the system operates in the voltage source area
and a parallel resistance 𝑅𝑝 with a strong influence when the
system operates in the current source area. In some cases [11–
13] the 𝑅𝑠 resistance is neglected into the model and in some
cases [13–17] the 𝑅𝑝 resistance is neglected.

For some points on the characteristic in Figure 4 (the
short circuit (0, 𝐼sc), open circuit (𝑉0𝑐, 0), and Maximum
Power Point (𝑉mpp, 𝐼mpp)), the relations it can be written as
follows[9]:

0 = 𝐼pv,𝑛 − 𝐼0,𝑛 [exp(𝑉0𝑐,𝑛𝑉𝑇,𝑛 ) − 1] ,
𝐼mpp,𝑛 = 𝐼pv,𝑛 − 𝐼0,𝑛 [exp(𝑉mpp,𝑛 + 𝑅𝑠𝐼mpp,𝑛𝑉𝑇,𝑛 ) − 1] .

(7)

The current generated by the photovoltaic panel depends
directly on the solar irradiation and is influenced by the
temperature according to the next relation [26, 27]:

𝐼pv = (𝐼pv,𝑛 + 𝐾𝐼Δ𝑇) 𝐺𝐺𝑛 , (8)

where

Δ𝑇 = 𝑇 − 𝑇𝑛. (9)

The nominal open voltage can be influenced by the tempera-
ture according to the relation [14]:

𝑉0𝑐 = 𝑉0𝑐,𝑛 (1 + 𝐾𝑉Δ𝑇) + 𝑉𝑇 ln( 𝐺𝐺𝑛) . (10)

The saturation current of the diode depends also on the
temperature [5, 28, 29]:

𝐼0 = 𝐼0,𝑛 (𝑇𝑛𝑇 )
3

exp [𝑞𝐸𝑔𝑎𝑘 ( 1𝑇𝑛 −
1𝑇)] , (11)

where 𝐸𝑔 is the band gap energy of the semiconductor (𝐸𝑔
= 1.12 eV for the polycrystalline Si at 25∘C). The value of the
saturated nominal current is given by [5]

𝐼0,𝑛 = 𝐼sc,𝑛
exp (𝑉0𝑐,𝑛/𝑎𝑉𝑇,𝑛) − 1 . (12)

Some researches [5, 30, 31] suggest an improving of the
saturation current on the diode established by (10). The
current 𝐼pv,𝑛 can be assumed to be approximately equal to 𝐼sc,
which is a very common assumption in PVmodeling [5].The
assumption gives a good approximation because the series
resistance is usually very small and the parallel resistance is
large [5, 10]. In these conditions the saturation current on
diode becomes

𝐼0 = 𝐼sc,𝑛 + 𝐾𝐼Δ𝑇
exp ((𝑉0𝑐,𝑛 + 𝐾𝑉Δ𝑇) /𝑎𝑁𝑐𝑉𝑡) − 1 . (13)

The performances of a PV cell depend also on the fill factor
(FF), which is the ratio between the Maximum Power of a
cell and the power of an ideal PV cell in the same operating
conditions.

For a variable resistive load 𝑅𝐿 connected at the cell
output the power will be at maximumwhen the resistance 𝑅𝐿
will have an optimal value 𝑅Lopt equal to the ratio between
the voltage 𝑉mpp and the current 𝐼mpp, Figure 4. Thus, the
theoretical Maximum Power generated by the PV cell will be
equal to the product between the 𝑉oc and 𝐼sc.

In these conditions, the fill factor (FF) is defined by

FF = 𝑃max,𝑒𝐼sc𝑉oc =
𝐼mpp𝑉mpp𝐼sc𝑉oc . (14)

The efficiency is calculated as the ratio between the power in
MPP (for a specific temperature) and the power of the solar
irradiation:

𝜂 = 𝑃mpp𝐴cell𝐺. (15)

3. The Effect of the Series and Parallel
Resistances on the PV Cell Performances

The series and parallel resistances (𝑅𝑠 and 𝑅𝑝) have an
important influence on the fill factor FF decreasing. Its value
will decrease with 𝑅𝑠 increasing and 𝑅𝑝 decreasing. It is
noteworthy that the series resistance 𝑅𝑠 depends mainly on
the internal resistances of the semiconductor devices, on the
contact resistances, and on the electrical wires resistances
and it has to be as low as possible. In the same time,
the parallel resistance 𝑅𝑝 depends on the metallic bridges
between the edges of the junction, on the material defects
(where losses’ currents can appear, which can short-circuit
the 𝑝𝑛 junction). Usually, its value is high, from thousands
to tenth of thousands of ohms.

The relation between 𝑅𝑠 and 𝑅𝑝 can be estimated starting
from the equality 𝑃max,𝑚 = 𝑃max,𝑒, resulting in the relation for
the resistance 𝑅𝑝 [5, 10]:
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𝑃mac,𝑚 = 𝑉mpp {𝐼pv − 𝐼0 [exp( 𝑞𝑘𝑇
𝑉mpp + 𝑅𝑠𝐼mpp𝑎𝑁𝑠 ) − 1] − 𝑉mpp + 𝑅𝑠𝐼mpp𝑅𝑝 } = 𝑃max,𝑒,

𝑅𝑝 = 𝑉mpp + 𝐼mpp𝑅𝑠
{𝐼pv𝑉mpp − 𝐼0𝑉mpp exp [(𝑞/𝑘𝑇) ((𝑉mpp + 𝐼mpp𝑅𝑠) /𝑎𝑁𝑠)] + 𝐼0𝑉mpp − 𝑃max,𝑒} .

(16)

This equation is solved by successive iterations until it results
in the best solution for the PV device. The solution has to
concede with the maximum of the points 𝑉mpp and 𝐼mpp,
on the 𝐼-𝑉 characteristic (Figure 4). In these conditions, the
following with be the results [10]:

Ipv,𝑛 = 𝑅𝑝 + 𝑅𝑠𝑅𝑝 𝐼sc,𝑛. (17)

The initial value for 𝑅𝑠 is considered as zero, while the value
for 𝑅𝑝 is given by [7]

𝑅𝑝,min = 𝑉mpp𝐼sc,𝑛 − 𝐼mpp
− 𝑉0𝑐,𝑛 − 𝑉mpp𝐼mpp

. (18)

4. Numerical Modeling and Simulations of
a Real Photovoltaic Module

Using the parameters of the ALTIUS AFP 235 Module
(Table 1) and the adjusted parameters at nominal operating
conditions (Table 2) simulations were realized in MATLAB-
Simulink.

The results of the simulations are presented as 𝐼-𝑉,𝑃-𝑉, and 𝑃-𝐼 characteristics in Figures 5–16 for different
solar irradiation, temperatures, series resistances, and parallel
resistances.

Figures 5, 6, and 7 present the 𝐼-𝑉, 𝑃-𝑉, and 𝑃-𝐼
characteristics for a constant temperature (25∘C) and for
different solar radiations (from 200W/m2 to 1000W/m2).
From Figure 5, with the increase of the solar radiation the
current will increase as a result and from Figure 6 the
voltagewill increase, whichwill increase the generated power.
Figures 8, 9, and 10 present the 𝐼-𝑉, 𝑃-𝑉, and 𝑃-𝐼 character-
istics for a constant radiation (1000W/m2) and for different
temperatures of the environment (from −20∘C to 60∘C). It
is to observed that, with the increasing of the temperature,
the current will have a low increase while the voltage will
decrease significantly. In this case the power delivered by the
PV module will decrease significantly.

Figures 11, 12, and 13 present the 𝐼-𝑉, 𝑃-𝑉, and 𝑃-𝐼
characteristics for a constant value of the parallel resistance𝑅𝑝 = 260Ω, for different values for the series resistance𝑅𝑠 (𝑅𝑠 = 0.3Ω, 𝑅𝑠 = 0.9Ω, and 𝑅𝑠 = 1.5Ω), and for
standard testing conditions STC (1000W/m2 and 25∘C). It
is to observed that, for a high value of the resistances 𝑅𝑠,
the results will be a decrease in the current and the voltage
and, accordingly, a decrease in the generated power. This
influence is better to observe near the Maximum Power
Point, where both the Maximum Power and the fill factor

FF have low values. In this situation it is necessary to have
a series resistance as low as possible, very close to zero
value.

Figures 14, 15, and 16 present the 𝐼-𝑉, 𝑃-𝑉, and 𝑃-𝐼 char-
acteristics for a constant series resistance 𝑅𝑠 = 0.3Ω, for dif-
ferent values for the parallel resistance 𝑅𝑝 (𝑅𝑝 = 260Ω, 𝑅𝑝 =54Ω, and 𝑅𝑝 = 20Ω), and for standard testing conditions
STC (1000W/m2 and 25∘C). It is to observed that, for a low
value of the parallel resistance, the results will be decreasing
the value for the fill factor and power. For a better operation
of the PV cell, it is necessary to have a parallel resistance as
high as possible.

From all the above characteristics we can say that the
energetical performances of the ALTIUS Module AFP-235W
have optimal values when the series resistance is 𝑅𝑠 = 0.3Ω
and the parallel resistance is 𝑅𝑝 = 260Ω, for a solar radiation
of 1000W/m2 and a temperature of the environment of 25∘C.

5. Temperature Influence over the
PV Module Performances

The increase in the environment temperature and in the
thermal radiation has a negative influence over the ener-
getical performances of the PV system. To study these
aspects, a thermal model of the ALTIUS Module AFP-235W
using the finite element method was realized. The proper-
ties of the materials used on the module are presented in
Table 3.

The photovoltaic panel is a capsuled system realized from
many successive layers. Thus, it is necessary to have a high
thermal conductivity in order to assure good cooling of
the PV cells. Considering this construction in layers, the
thermal transfer is realized between the layers by conduction,
convection, and radiation. Thermal analysis by the finite
element method supposes an establishment of the thermal
equilibrium for every volume zone 𝑑𝑉.

𝑃𝑐 = 𝑃𝑡 − 𝑃𝑟 + 𝑃𝑎. (19)

The left term of the equation is the heating power from the
current flow, 𝑃𝑐. It is in balance with the heat stored by
temporal change of temperature 𝑃𝑡, the power removed from
the element by thermal conduction𝑃𝑟, and the thermal power
dissipated to the surrounding area by the surface convection,𝑃𝑎. For 𝑃𝑐, 𝑃𝑡, 𝑃𝑟, and 𝑃𝑎, the following equations can be
written:
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Table 1: Parameters of the Altius, AFP 235 solar module at 25∘C,
1000W/m2 [25].

Name-specifications from data sheet AFP 235
Maximum Power (𝑃max,𝑒) 239.99Wp
Voltage at Maximum Power (𝑉mp) 29.6V
Current at Maximum Power (𝐼mp) 7.94A
Open circuit voltage (𝑉oc) 36.7 V
Short circuit current (𝐼sc) 8.48A
Maximum Power temperature coefficient −0.47%/∘C
Open circuit voltage temperature coefficient −0.32%/∘C
Short circuit current temperature coefficient +0.04%/∘C
Operating temperature −40∼+85∘C
Nominal operating cell temperature (NOCT) 45 ± 2∘C
Number of cells (𝑁𝑐) 60

𝑃𝑐 =∭𝜌𝑗2𝑑𝑉,
𝑃𝑡 =∭𝛾𝑐𝜕𝜃𝜕𝑡 𝑑𝑉,
𝑃𝑟 =∭div (𝜆 ⋅ grad 𝜃) 𝑑𝑉,
𝑃𝑎 =∭𝑘𝑡 𝑙𝑆 (𝜃 − 𝜃𝑎) 𝑑𝑉.

(20)

Thus,

∭𝜌𝑗2𝑑𝑉 =∭𝛾𝑐𝜕𝜃𝜕𝑡 𝑑𝑉 −∭div (𝜆 ⋅ grad 𝜃) 𝑑𝑉
+∭𝑘𝑡 𝑙𝑆 (𝜃 − 𝜃𝑎) 𝑑𝑉.

(21)

The material density, specific heat, and thermal conductivity
do not have an important temperature variation; thus they
can be regarded as constants. On the other hand, the electrical
resistivity has a significant temperature variation and can
be estimated through a parabolic variation or a linear one.
The experimental tests concluded that the difference between
these two types of variation is not so important. For the
electrical resistivity a linear variation with the temperature
has been considered [32]:

𝜌 = 𝜌0 [1 + 𝛼 (𝜃 − 𝜃𝑎)] (22)

with the notation:

𝜗 = 𝜃 − 𝜃𝑎. (23)

Figure 17 shows the result of the thermal simulation for the
ALTIUS Module AFP-235W for a nominal load of 235W
consideredwith a uniformdistribution over the surface of the
photovoltaic panel.

A temperature variation on the surface of the PVmodule
is observed starting from a low temperature of 40.15∘C to a
high value of 52.07∘C on the top of the surface of the PV

Table 2: Adjusted parameters of the Altius AFP 235 at nominal
operating conditions.

Name-Specifications from data sheet AFP 235
Maximum Power (𝑃max,𝑚) 239.99Wp
Voltage at Maximum Power (𝑉mpp) 29.6V
Current at Maximum Power (𝐼mpp) 7.94A
Open circuit voltage (𝑉oc) 36.7 V
Short circuit current (𝐼sc) 8.48A
Nominal saturation current (𝐼0,𝑛) 3.65412𝑒 − 010A
Photovoltaic current (𝐼pv) 8.490576A
Diode ideality factor (𝑎) 1.3
Series resistance (𝑅𝑠) 0.318Ω
Parallel resistance (𝑅𝑝) 259.398Ω
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Figure 5: 𝐼-𝑉 curves for different solar irradiation.

module. This is explained because of variable thermal con-
vection coefficient.This coefficient includes the circulation of
the air flow from the lower side of the panel to the top. It was
considered only natural to cool of the PVmodule and for the
temperature of the environment to be 25∘C.

6. Experimental Data for the PV Module

For the experimental analysis the photovoltaic panel ALTIUS
Module AFP-235W was considered, oriented to the South
and with an inclination of 45∘. The experimental tests were
realized on May 26, 2016 between 7.00 a.m. and 8 p.m. The
solar irradiation was measured using a Solar Survey100/200R
instrument, which is in compliance with the IEC-62446
international standard on PV systems. It measures the solar
radiation to a maximum of 1500W/m2, with a resolution of
1W/m2. The temperature was measured with Extech 42545
IR thermometer (range: 50⋅ ⋅ ⋅ 1000∘C, resolution: 0.1∘C). A
digital multimeter Fluke 115 was used to measure the voltage
and current (resolution of 1mV and 1mA). Figure 18 shows
the evolution of the temperature of the environment, the
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Table 3: Properties of the materials used in AFP 235 module.

Material Thickness [mm] Thermal conductivity, [W/mK] Density [kg/m3] Specific heat [J/kgK]
1 Glass window 3.2 1.7 3000 780
2 EVA film 1 0.235 960 3135
3 PV cell 0.22 148 2330 710
4 White Polyester 1 0.25 1300 1350
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Figure 6: 𝑃-𝑉 curves for different solar irradiation.
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Figure 7: 𝑃-𝐼 curves for different solar irradiation.

temperature on the surface of the photovoltaic module, and
the solar irradiation variation along the day. As the solar irra-
diation increases and is absorbed at the PV module surface,
its temperature is increasing due to the photons absorption.
At the maximum temperature of the environment of 28.3∘C
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Figure 8: 𝐼-𝑉 curves for different cell temperatures.
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Figure 9: 𝑃-𝑉 curves for different cell temperatures.

and a solar irradiation of 672W/m2, the temperature of the
module surface reaches the value of 41.1∘C.

In Figures 19, 20, and 21 the simulated and experimental𝐼-𝑉,𝑃-𝑉, and, respectively,𝑃-𝐼 characteristics for themodule
PFV ALTIUS 235W for a medium temperature of 25∘C and a
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Figure 10: 𝑃-𝐼 curves for different cell temperatures.
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Figure 11: 𝐼-𝑉 curves for different 𝑅s.

solar irradiation of 800W/m2 are plotted. The value of the
nominal short circuit current is of 𝐼sc,exp = 8.35A for the
experimental data and of 𝐼sc,sim = 8.48A for the simulation,
with an error of 1.55%.The nominal open circuit voltage is of𝑉0c,exp = 33.91V for the experimental characteristic and𝑉oc,sim = 36.33V for the simulated one, with an error of−2,6%. In theMaximumPower Point the experimental values
for the voltage and current are 𝑉mpp,exp = 27.79V, 𝐼mpp,exp =6.628A, and a power of 𝑃mpp,exp = 184.92W, while the
simulated resulted values are 𝑉mpp,sim = 25.55V, 𝐼mpp,sim =7.55A, and a power of 𝑃mpp,sim = 192.9W. The error for the
power estimation is about 4.3%. In these characteristics there
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Figure 12: 𝑃-𝑉 curves for different 𝑅s.
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Figure 13: 𝑃-𝐼 curves for different 𝑅s.

are some differences between the simulated and the exper-
imental data. For example on the point (𝐼sc,𝑛), there is a
difference of 0.13 A, on the point (𝑉0c,𝑛), there is a difference
of 2.42V, and on the MPP point, there is a difference of
2.24V and 0.982A (7.98W). These differences are due to
the variation of the real temperature of the environment, of
the solar irradiation, and consequently to the surface panel
heating. Also the dust deposited on the panel surface and the
wind has an important influence over the experimental data
and thus on the difference between the simulated data and the
experimental ones.
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Figure 14: 𝐼-𝑉 curves for different 𝑅p.
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Figure 15: 𝑃-𝑉 curves for different 𝑅p.

7. Conclusions

In this article a model of the photovoltaic module is devel-
oped and the influences of some parameters are analyzed
as series and parallel resistances, temperature, and solar
irradiation over the PV module output characteristics (𝐼-𝑉,𝑃-𝑉 and 𝑃-𝐼 characteristics). For a real photovoltaic module
(ALTIUS Module AFP-235W) there are estimated series and
parallel resistances for which the energetical performances
of the module have optimal values for a solar radiation of
1000W/m2 and a temperature of the environment of 25∘C.
Temperature influence over the PV module performances is
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Figure 16: 𝑃-𝐼 curves for different 𝑅p.

analyzed by using a thermal model of the ALTIUS Module
AFP-235W using the finite element method. A temperature
variation on the surface of the PV module is estimated as
a difference of about 12∘C between the bottom and the top
surface of the PV module. Experimental data are measured
for the photovoltaic ALTIUSModule AFP-235W for an entire
daylight. Differences between the simulated and recorded
data are due to the variation of the real temperature of the
environment, of the solar irradiation, and consequently to
the surface panel heating. The dust deposited on the panel
surface and the wind has an important influence over the
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Figure 18: The 𝑇-𝑡-𝐺 experimental characteristics for PFV ALTIUS 235W.
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Figure 20: The 𝑃-𝑉 characteristics of PFV ALTIUS 235W.
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Figure 21: The 𝑃-𝐼 characteristics of PFV ALTIUS 235W.

experimental data and thus on the difference between the
simulated data and the experimental ones.

Nomenclature

𝐴cell: The surface of the cell𝑎: The ideality factor of the diode,1 ≤ 𝑎 ≤ 1.5𝑐: Specific heat𝐺: The incident irradiation𝐺𝑛: The nominal irradiation (usually
1000W/m2)𝐼0: The reverse saturation current of the
diode

𝐼0,𝑛: The nominal saturation current𝐼𝐷: The diode current𝐼mpp: The current at the MPP point𝐼pv: The photovoltaic current of the PV cell𝐼pv,𝑛: The photovoltaic current at nominal irradi-
ation and temperature𝐼sc,𝑛: The nominal short circuit current𝑗: Current density𝐾𝑉: The open circuit voltage temperature coef-
ficient of the module𝐾𝐼: The short circuit current temperature coef-
ficient of the module𝑘: The Boltzmann constant𝑘𝑡: Total transfer coefficient𝑙: Perimeter length of the external surface

MPP: Maximum Power Point𝑁𝑝: The number of the cells connected in
parallel𝑁𝑠: The number of the cells connected in series𝑃𝑎: The thermal power dissipated to the envi-
ronment area by the surface convection𝑃𝑐: The heating power from the current flow𝑃max,𝑒: The maximum experimental power𝑃max,𝑚: The maximum calculated peak output
power𝑃𝑟: The power removed from the element by
thermal conduction𝑃𝑡: The heat stored by temporal change of
temperature𝑞: The electron charge𝑅𝑝: The equivalent parallel resistance of the
module𝑅𝑠: The equivalent series resistance of the
module𝑆: Surface convection𝑇: The ambient temperature𝑇𝑚: The nominal temperature (usually 25∘C)𝑉: The open circuit voltage𝑉0𝑐,𝑛: The nominal open circuit voltage of the
module𝑉𝑇: The thermal voltage of the module𝑉mpp: The voltage at the MPP𝛼: Coefficient of electrical resistivity variation
with temperature𝛾: Material density𝜆: Thermal conductivity𝜌: Electrical resistivity𝜌0: Electrical resistivity at the 𝜃𝑎 temperature𝜃: Temperature𝜃0: The initial temperature of the photovoltaic
module𝜃𝑎: The temperature of the environment𝜗 = 𝜃 − 𝜃𝑎: As notation.
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In this article a thermal modeling is developed for a double sided linear induction 
motor which is used to drive a power supply system for an electric locomotive. Two 
cases were considered for the linear motor, with full plate armature and with sec-
tioned plate armature. The thermal model has been obtained with Pro/Engineering 
software package and the mesh of the 3-D thermal model has been done using 
tetrahedron solid elements types. Experimental validation of the model has been 
realized too. Errors between the simulations and the experimental data (between 
1% and 4%) show that the proposed model can be used for accurate precision of 
the heat distribution on the linear motor. 
Key words: linear induction motor, thermal regime, modeling, simulations, 

experimental validation 

Introduction

Linear motors can be used as efficient tool to achieve the high speed and precision 
for linear motion applications or for different systems where they can replace the rotary electric 
machines, hydraulic or pneumatic equipments with linear movement. Linear motors are used in 
automotive suspension [1], wave-energy conversion [2], electrical transport, elevators in high 
buildings [3, 4] or sliding door applications [5]. Ultra-precision applications are also a domain 
utilization for the linear motors [6]. Interaction between electromagnetic and temperature field in 
a solid ferromagnetic plate is considered in [7] by moving linear high frequency induction heater.

Another possible application of the linear induction motor is to drive the pantograph 
collecting system on the electric vehicles, like electric locomotives and tramways [8] where the 
linear motor assures the contact force between the catenary and the pantograph’s skate. Thus, a 
better contact improves the current collection process and reduces the wear of the pantograph 
and of the contact line and reduces the detachments of the pantograph skate from the wire [9]. 
In this case the motor operates in an oscillating regime which can generate heat problems and 
it can affect the thermal deformation of the machine structure. The thermal deformation charac-
teristics can be identified through measuring the thermal error caused from thermal deformation 
of the linear scale and the machine structure [10]. The thermal regime depends on the supply 

* Corresponding author, e-mail: gchiriac@tuiasi.ro



Nituca, C., et al.: Thermal Modeling of a Linear Induction Motor Used to ... 
590	 THERMAL SCIENCE: Year 2019, Vol. 23, No. 2A, pp. 589-597

system characteristics, on the driven kinematics, as well as on the linear motor structure and on 
its cooling system. 

The need for an analysis of the thermal processes can arise when designing a linear 
motor [11] but also for the supplying system and for the protection of the system [12]. The pos-
sibility of reducing the non-linearities of the model for calculating the thermal characteristics 
of a linear asynchronous machine is considered. The temperature field is calculated in the time 
domain taking into account the change in the thermal and electromagnetic properties of the 
material at each time step [13].

Finite element method can be used to analyze the heat transfer into the linear motors 
[14]. The thermal transfer aspects are criteria in choosing a right linear motor for a specific 
application considering the heat transfer by conduction, radiation and convection, the heating 
sources and the duty cycle of the motor [15]. Is considered the thermal characteristics of a linear 
induction machine under intensive track operation. Thermal characteristics are calculated using 
the method of detailed equivalent heat circuit. A brief analysis of the possibility of operation in 
different operating modes is given [16]. 

It should be noted that for a double-sided linear motor with yoke and multi-segmented 
array, the coating on the coil cannot withstand the temperature more than 120 ℃ [17]. 

The surface area joining the linear motor coil to the application carriage is large so it 
will be inaccurate to assume a constant temperature over the entire surface. The temperature 
of the surface is different for different location and time [18]. A 3-D finite difference method is 
adopted to model the motor coil to calculate the amount of the heat transferred to the carriage. 
The theoretical results are verified with experiments. It is demonstrated that the proposed model 
is capable to predict accurately the temperature variation at the interface between the motor 
coil and carriage, and therefore the heat flux can be obtained for the full range of the motor 
operating power [19]. 

Starting from the previous considerations this paper presents thermal analysis (model-
ing and experimental) of a linear induction motor. The test bench uses a linear induction motor 
to drive an asymmetrical pantograph with the aim to supply an electric locomotive. The contact 
force of the pantograph is assured by the linear motor and the system has to operate for a long 
time, even hours, (the electric locomotives have a long operating time) and thus it becomes very 
important to study the thermal regime of the motor. The objectives of this work are:
–– to develop a thermal model for the linear induction motor, 
–– two cases are considered for the thermal model and simulations; with full plate armature and 

with sectioned plate armature, 
–– simulations are realized using the Pro/Engineering software package, 
–– experimental tests are also realized for the both cases in order to validate the thermal model, 

and
–– comparison of the simulated and experimental data are considered to estimate if the pro-

posed model can be used for accurate predictions of the temperature distribution into the 
motor. 

The linear induction motor 

The linear induction motor is used on a test bench which simulates the power supply 
for an electric locomotive, fig. 1. The linear induction motor – 1 is used to drive an asymmet-
rical pantograph – 3 necessary for the power collecting from a contact wire – 4. The contact 
wire is realized as a rotating copper disc. The pantograph has to act with a contact force, Fc, 
on the contact line. The contact force is given by a resort (the main force FR) and by the lin-
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ear induction motor (for a supplementary force 
FLIM). Thus, the motor offers the possibility to 
control the contact force according to the pow-
er collecting necessity. The motor operates in 
oscillating regime and because of this special 
regime the thermal aspects become important. 

The linear motor is a three-phase asyn-
chronous machine with a plate mobile arma-
ture – 1 from copper, fig. 2. The motor has a 
bilateral structure, having two inductors, 2a and 
2b, (a double sided linear motor) with the ring 
windings in 24 slots, yielding the coils – 3. The 
mobile plate armature is vertically placed and it 
has an oscillating movement – 4 on a distance 
of about 60-90 mm and an air gap δ = 4 mm. It 
is important to notice that some special effects 
of the linear motors (the edge effects, the trans-
versal effects) are neglected, in order to simpli-
fy the thermal model. 

The main restrictive effect for the motor 
power is the heat transfer and thus, the thermal 
behavior must be taken into account. For the 
small oscillating movements (less than 60-90 
mm), the armature plate will be usually in the 
same relative position with respect to the inductors, which will give a higher heating and conse-
quently an important influence over the machine’s parameters and operating. The motor is not 
a homogeneous body but it is a combination of different materials (cooper, steel, iron, etc.), and 
the heating analysis could be complex. 

The heating differential equation for the linear motor

The linear motors are different to study from the thermal point of view in compari-
son with the classical rotary motors due to their specific construction and the electromagnetic 
aspects. Rotary induction motors are largely used and there is a high interest in their analysis, 
including the thermal aspects [20, 21]. 

Overheating can cause undesirable motor failures with high cost due to the interrup-
tion and damages on equipments. Inside the motor the stator insulation may degrade because of 
the overheating and, even if the temperature does not exceed the motor insulation class limit, 
it will decrease the lifetime of the insulation. Venkatamaran et al. [22] states that an operating 
temperature increase of 10 °C in excess of the thermal limit cuts the life of stator insulation by 
half. The plate armature can be deformed due to the overheating and this deformation could 
lead to undesirable contacts between the plate and the inductors. 

An analysis can be made, for a first estimation, in analogy with the rotary machines 
starting from the thermal equation:

	 d d dQ t A t Cθ θ= + 	 (1)

The heat, Q, released into the motor in a time, dt, is equal to the heat released by the 
machine for a difference of temperature, θ, between the machine and the, Aθdt, plus the heat 

Figure 1. Test bench; 1 – linear induction motor, 
2 – inductor, 3 – asymmetrical pantograph,  
4 – copper rotating disk
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Figure 2. Bilateral linear induction motor;  
1 – plate mobile armature (2a), (2b) inductors of  
the double sided linear motor, 3 – coils, 4 – oscil-
lating movement of the plate mobile armature 
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absorbed by the machine (Cdθ) to increase its temperature by θ degrees. This equation can be 
rewritten: 

	 dd Ct
Q A

θ
θ

=
−

 	 (2)

where C is the thermal capacity of the machine, A – the heat transfer capacity of the machine. 
The integration of the eq. (2) will give the variation relationship of the machine heating:

	 01 exp expQ t t
C CA
A A

θ θ

    
    − −

= − +    
            

	 (3)

where θ0 is the initial temperature of the machine. The ratio C/A is a constant for a given ma-
chine and represents the time constant of the machine heating or the temperature delay (thermal 
inertia) of the machine: 
	

CT
Aθ = 	 (4)

For the actual linear motor this constant was estimated [23, 24] for two different plate 
armatures, a full plate armature and a sectioned plate armature. Thus it was calculated the max-
imum temperature into the motor and compared with the measurements, resulting the values 
of 92 ℃ and respective 96 ℃. These differences are due to the different plate armatures. The 
sectioned plate armature has a low surface area to eliminate the heat, resulting in higher tem-
peratures on the motor. 

A thermal study could also start from the power balance equation for each volume 
element dV: 
	 C T R AP P P P= − + 	 (5)

The left term of the eq. (5) is the heating power from the current flow, PC. 
On the right-hand side of the eq. (5) there are three powers: PT – as the heat stored by 

temporal change of temperature, PR – as the power removed from the element by thermal con-
duction, and PA – as the thermal power dissipated to the environment area by the surface area. 
The above equation can be expressed as follow, considering the four powers: 

	 ( ) ( )2d d div grad d da
lj V c V V k V

t S
θρ γ λ θ θ θ∂

= − + −
∂∫∫∫ ∫∫∫ ∫∫∫ ∫∫∫ 	 (6)

The material density, specific heat and thermal conductivity do not have an important 
temperature variation and, into a simplified model, they can be considered as constants. The 
electrical resistivity has an important temperature variation and it can be estimated through a 
linear variation: 
	 [ ]( )0 01ρ ρ α θ θ= + − 	 (7)

It results a non-linear and non-homogeneous equation which can be resolved by nu-
merical methods:  

	 ( ) ( )
2

0 21 d d div grad d di lV c V V k V
t SS
ϑρ αϑ γ λ ϑ ϑ∂

+ = − +
∂∫∫∫ ∫∫∫ ∫∫∫ ∫∫∫ 	 (8)

Using the finite element method it can be estimated the thermal variation within the 
linear induction motor by 3-D simulation.
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Thermal modeling of the double  
sided linear induction motor

To study the thermal aspects of the considered linear induction motor it was devel-
oped a thermal model and simulations were also realized. It was developed a geometrical model 
of the linear induction motor with the plate armature of copper and the two inductors symmet-
rically placed over the plate armature. The setting parameters used for the thermal simulations 
are presented in tab 1. 
        Table 1. Setting parameters used for the thermal simulation

Mobile plate armature (Cu) Yokes (Fe) Insulation
Thermal conductivity [Wm–1K–1] 385 420.27 1.25

Specific heat [Jkg–1K–1] 385 52.028 137
Material density [kgm–3] 8900 7190 1400

The room temperature was considered as 21℃. The simulations were realized for two 
cases: first for a linear induction motor with full plate armature, and second for a linear induc-
tion motor with sectioned plate armature. The thermal model has been obtained using the soft-
ware package Pro/Engineering and all the thermal simulations have been performed with the 
Pro/Mechanica software package. The heat load has been applied uniformly in all the volume 
of every copper winding. The convection conditions have been used as boundary conditions. 
Also, a bulk temperature of 21 ºC has been considered. 

The mesh of this 3-D thermal model has been done using tetrahedron solids element 
types with the following allowable angle limits (degrees): maximum edge 175, minimum edge 
5, maximum face 175, minimum face 5. The maximum aspect ratio was 30 and the maximum 
edge turn (degrees) 95. Also, the geometry tolerance had the following values: minimum edge 
length 0.0001, minimum surface dimension 0.0001, minimum cusp angle 0.86, merge tolerance 
0.0001. The single pass adaptive convergence method to solve the thermal steady-state simu-
lation has been used.

Figure 3. presents the result simulation of thermal distribution into the linear induction 
motor. The maximum temperature is in the middle of the two inductors and it is about 92.4 ℃,  
very close to the experimental measurements. The temperatures are decreasing from about 90 ℃  
in the middle on the copper windings, to about 60 ℃ into the lateral windings. On the armature 
plate the distribution of the temperatures is from about 85 ℃ in the middle to about 30 ℃ on 
the edges. 
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Figure 3. Distribution of the temperature over the linear induction motor 

The thermal load was not distributed uniformly in all the volume of every copper 
winding. On the lateral areas the temperature is lower because the windings are in contact with 
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the lateral pieces of aluminum, which have a coefficient of convection of 19.75 W/mK. For the 
inductor the coefficient is 14.2 W/mK and for the isolation it was considered 12.5 W/mK. 

A thermal model of the linear induction motor with sectioned plate armature was 
also made in order to estimate the heating areas into the motor, fig. 4. The plate armature is 
vertical cutting-up sectioned and it was tested in order to reduce the eddy currents into the plate 
armature, which are not useful for the force developed by the linear motor. It is to mention that 
the plate armature is considered as acting with a constant force. The thermal distribution over 
the linear motor is presented in fig. 4, with an ambient temperature of 20 ℃. The temperature 
distribution shows a maximum value in the middle of the inductors, with about 96 ℃, close to 
the experimental maximum data of about 90 ℃. 

At the edges of the inductors the temperatures decrease at about 56 ℃, where the heat 
can be release easily to the ambient medium. Into the plate armature, the temperature varies 
from about 96 ℃ inside the inductors space, to less than 30 ℃ outside the inductors.
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Figure 4. Distribution of the temperature over the linear induction motor with a sectioned plate armature

Experimental validation of the thermal model  
of the linear induction motor 

The estimation of the temperature increase of the windings and of the other parts of 
the motor is made with a locked armature. The inductor is supplied at rated voltage and rated 

frequency from a three-phase symmetrical sup-
ply system (by a three-phase autotransformer). 
The measurements are on the inductor denoted 
(2b) because it heats up more intensely then the 
inductor (2a) (about 2-3%) due to the construc-
tive imperfection of the motor. The estimation 
of the temperature increase of the windings and 
of the other parts of the motor is made with a 
locked armature and for a force of 70 N. There 
is no cooling system considered. The tempera-
tures have been measured using an infrared 
camera type FLIR E40. 

The temperature measurement points on 
the linear motor are presented in fig. 5. For the 
coils the temperature is measured for the slots 
θ1, θ3, θ6, θ10, θ12, θ13, θ15, θ19, θ22, and θ24 (ten 
points of measurements). All of these will give 
a large view over the variation of the tempera-
ture in the motor.
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Figure 5. Measured points of the temperature 
on the inductor

Figure 6. Simulated and measured temperatures 
distribution over the inductor 

50

55

60

65

70

75

80

85

90

95

100

0 2 4 6 8 10 12 14 16 18 20 22 24

Slot

T
e

m
p

e
ra

tu
re

 [
C

]

Simulation

Measured



Nituca, C., et al.: Thermal Modeling of a Linear Induction Motor Used to ... 
THERMAL SCIENCE: Year 2019, Vol. 23, No. 2A, pp. 589-597	 595

Figure 6 shows the simulated and measured temperatures for the motor with full plate 
armature.  It is to observe from the experimental data, tab. 2 and fig. 6, that the maximum tem-
perature is measured in the middle of the inductor area, for the slot 13, a little higher than for the 
slot 12 because of the constructive imperfections of the motor. These temperatures don’t exceed 
the maximum temperature allowance, of 120 ℃.  
           Table 2. Simulated temperatures, measured temperatures, 	
           and errors for the motor with the full plate armature  

Slot No. Simulated temperatures [℃] Measured temperatures [℃] Error [%]
1 59 60.3 2.16
3 63 64.1 1.72
6 69 69.8 1.15
10 86 87.2 1.38
12 92.4 93.7 1.39
13 92.4 94.6 2.33
15 86 88.2 2.49
19 69 70.9 2.68
22 63 64.7 2.63
24 59 61.1 3.44

Figure 7. shows the simulated and mea-
sured temperatures for the motor with sectioned 
plate armature. The maximum measured tem-
peratures are also on the middle of the induc-
tors, and the values are higher, to about 100℃. 
In both cases the measured temperatures are 
higher than the simulated ones, (tabs. 2 and 3).  

This could be explaining by neglecting 
the special effects of the linear motor in order to 
simplify the thermal model and also by the con-
structive imperfection of the motor. The errors 
presented into the tabs. 2 and 3 are still into the 
acceptable values. 
        Table 3. Simulated temperatures, measured temperatures, and  
        errors for the motor with sectioned plate armature 

Slot No. Simulated temperatures [℃] Measured temperatures [℃] Error [%]
1 66.1 68.3 3.22
3 69.4 70.2 1.14
6 76.3 78.8 3.17
10 90.2 93.2 3.22
12 96.1 99.4 3.32
13 96.1 99.8 3.71
15 90.2 93.6 3.63
19 76.3 79.3 3.78
22 69.4 70.9 2.12
24 66.1 68.8 3.92
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with the sectioned plate armature
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Conclusions 

In this article it is studied a thermal model for a linear induction motor used to drive a 
pantograph from a power supply system of an electric locomotive. The drive system is subject 
of a patent with the number RO 128199 B1/2018. 

yy A thermal model of the motor was developed for two cases: with full plate armature and 
with sectioned plate armature in order to have a thermal image of the linear induction motor 
and a prediction of thermal distribution. 

yy The thermal model has been realized with Pro/Engineering software package. 
yy Experimental tests were also realized for the both cases, the errors between the simulations 

and experimental data being between about 1% and 4%, which shows that the proposed 
model can be used for accurate predictions of the temperature and heat distribution of the 
motor. 

yy The maximum temperature allowance (of 120 ℃), is not exceeded and the motor can oper-
ate for a long time corresponding to the electric locomotive operating conditions. 

Nomenclature
A 	 – heat transfer capacity of the machine, 

[JK–1s–1] 
C 	 – thermal capacity of the machine, [JK–1] 
c 	 – specific heat, [Jkg–1K–1] 
i 	 – electric current, [A] 
j 	 – current density, [Acm–2]
k 	 – total transfer coefficient 
l 	 – perimeter of the external surface, [m]  
PA 	 – thermal power dissipated to the 

environment area by the surface 
convection, [W]

PC 	 – heating power from the current flow, [W] 
PR 	 – power removed from the element by 

thermal conduction, [W] 
PT 	 – heat stored by temporal change of 

temperature, [W] 

Q 	 – heat released into the motor in a time dt, [J] 
S 	 – surface area, [m2]
Tθ 	 – time constant of the machine heating, [s] 

Greek symbols

α 	 – coefficient of electrical resistivity variation 
with temperature  

γ 	 – material density, [kgm–3] 
λ 	 – thermal conductivity, [Wm–1K–1] 
ρ 	 – electrical resistivity, [Ωm] 
ρ0 	 – electrical resistivity at the θ0 temperature, 

[Ωm]
θ 	 – temperature, [℃]
θ0 	 – initial temperature of the machine [℃] 
θa 	 – environment temperature, [℃]
ϑ    	 – as a notation, (= θ – θa), [℃] 
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Abstract: The use of electric buses is increasing all over the world; this is due to the aim of limiting
pollution in heavily urbanized areas. Using electric buses is one element of the desire to drop
local pollution to zero emissions. The necessary electricity can be generated through centralized
production, and in the case of electric buses, the pollution level is directly proportional to the amount
of electricity produced. Their limited onboard power needs optimization, both in terms of traction
and in auxiliary energy consumption. Heating in electric buses consumes the most energy from
the auxiliaries, which can reduce the range of the vehicle up to a half, or more in the coldest days
of the winter months. In this context, a precise estimation of heat loss and of the energy necessary
for heating electric buses is crucial. Using the heat transfer theory, the heat balance method, and
the U-value estimation, this article estimates the heat loss for a typical 12 m electric bus for a harsh
winter day. Thermal simulations were made in order to estimate the heat flux through the structure
of the bus (windows, walls, roof, and floor). Heat loss components were calculated in order to
determine the most affected zones of the bus. The calculated data for the energy necessary to
heat the bus were compared with the heating system data from an electric bus. By optimizing the
necessary auxiliary energy consumption, the emissions at the source of electricity production will be
significantly reduced.

Keywords: electric buses heating; heat loss; heat balance method; U-value; thermal modeling

1. Introduction

With the accelerated evolution of the development and utilization of electric vehicles,
and with many constraints related to energy consumption and environmental pollution,
there is more and more research being published related to electric vehicles, giving attention
to various goals, such as: reducing energy consumption, improving efficiency for the
electric motors, optimizing the auxiliary systems, improving the energy storage capacity,
and developing charging system capabilities for the electric vehicles.

Along with these aspects, the thermal comfort of the passengers and drivers, even in
extreme conditions, are being studied worldwide, from small electric cars to large electric
vehicles, such as electric buses.

Electric buses have many benefits compared with their thermal engine counterparts:
they have no emissions and do not pollute the air, they are low noise vehicles and have
fewer vibrations, offering superior comfort for the passengers and, importantly, they can
use locally produced (and renewable) electric energy.

To make the transition from the conventional engine buses to the electrical ones,
authorities and public transport operators have to invest not only in the establishment
and development of electric bus fleets but also in new infrastructure. Some countries
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are planning to ban vehicles with thermal engines, while in some cities there are areas
considered to be low or zero emission zones. Some cities are part of the C40 Fossil Fuel Free
Street Declaration, which promotes the use of only zero emission buses by 2025, asserting
that most of the participating cities will use emission-free vehicles by 2030 [1].

More than 1 million buses are used in Europe and around 690,000 buses are in use
in the European Union, with the average age of the buses being about 12 years. Thermal
engine buses account for more than 94% of the EU fleet, and less than 2% are battery electric
or hybrid electric buses [2].

Some limitations are still obstructing the expanding use of electric buses, as follows:

• The limited range and power, as compared with conventional thermal buses.
• The necessity of new infrastructures, such as the power grid and systems for bat-

tery charging.
• The availability of personnel qualified in technologies different from conventional

vehicles, for the maintenance of the electric buses.

There are various types of electric buses, which vary depending on whether electrical
energy is generated or stored onboard. Hybrid electric, fuel cell electric, and full battery
electric buses are currently being used around the world [3].

Hybrid electric buses use both an internal combustion engine and an electric motor to
power the vehicle. Because they have partially a similar technology as traditional engine
buses, they are a convenient transition to electric vehicles; however, they raise the same
issues as classical vehicles (air pollution and dependence on conventional fuel).

Fuel cells are based on a chemical reaction between stored hydrogen and ambient
oxygen to generate electricity. They assure long range and low emissions but are expensive
and require a special infrastructure to store the hydrogen and to refuel the vehicles.

Full battery electric buses store all the necessary energy in an onboard rechargeable
battery pack. They have no emissions and are energy efficient but have limited distance
range and require a charging infrastructure [3].

Moreover, there are various charging systems, such as overnight charging (large size
batteries are charged statically from the grid at the depot, mainly during the night, for up to
5–8 h); opportunity charging (medium size batteries are recharged at passenger stopping
points or at the bus terminals); or a combination of depot charging and opportunity charging.

Irrespective of the types of electric bus and charging system, the energy from the
power source is used for the traction needs and for the auxiliary systems on the vehicle
(ventilation, heating, cooling, interior and exterior lights, passenger information devices,
ticket vending machines, and others).

The energy required by the auxiliaries could reach up to 35% of the total energy
consumption of the electric vehicle, and, depending on the environment conditions—
especially the external temperature—the non-traction needs could consume up to 50%
of the total energy on vehicles [4], or even up to 70% in very cold days in winter, when
the heating system is used at full power [4,5]. Thus, the reduction in energy used for
non-traction needs is a main challenge in order to reduce the total energy demand on the
electric buses. It is particularly important for battery vehicles, because the batteries—as the
energy source—have a limited capacity and limited range [4].

From all the auxiliaries, the heating and cooling consume the most energy—up to
35% [6]. Moreover, the temperature inside the vehicles depends on the cabin volume: at
the same driving conditions, a large vehicle has a different temperature than a small class
one. The class of the vehicle, reflected in the quality of the equipment and materials, will
also influence the warming and cooling of the vehicle [7].

Conventional vehicles use internal combustion engines, which produce enough waste
heat to heat up the vehicle, through the engine cooling circuit via a heat exchanger. Never-
theless, modern thermal engines are more efficient and produce less waste heat; therefore,
supplementary electric heaters are necessary to heat the cabin in cold conditions [8].

Electric vehicles use electric motors which generate low amount of waste heat [8].
Even the heat released from the main battery pack is not enough to heat the interior of
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an electric bus, being needed for other heat sources. Therefore, the energy for the heating
system is supplied by the power source, the battery pack, which is mainly used for driving
and has limited capacity.

The heating has a significant influence over the range of the electric vehicle, reducing
the range of the electric vehicle by half, or even more with an external air temperature of
0 ◦C [5].

In order to decrease the energy consumption for the HVAC systems on electric buses,
several solutions have been proposed, as follows [8–11]: using recovery heat from the trac-
tion batteries; an integrated air conditioning and heating system; improved control systems
for the heating system; door air curtains/air screened doors to reduce the heat exchange
between the inside and outside of the bus [12]; heat pumps; thermal pre-conditioning;
complex additional heating equipment. Infrared radiation heating in the vehicle cabin
has also been studied for electric vehicles [13,14]. Solid media high-temperature thermal
energy storage systems are also being researched for battery electric vehicles [15].

However, many of the above solutions are based on well-known methods, combined
with improved strategies for control and optimization.

Therefore, research aiming to improve the heating are in demand for electric vehicles,
in order to consume less energy while maintaining passengers’ thermal comfort. Thus,
new HVAC systems structures and advanced control will bring the best benefits, rather
than using advanced cabin materials or increasing thermal isolation [8].

Urban road transportation usually uses technologies adapted from the car industry.
In public transportation, where the doors open frequently, allowing passengers to exit and
enter the vehicle, it is difficult to ensure a high comfort level. The most common solution for
the heating system involves the use of engine cooling water, along with electrical resistance
heating [12].

A combined heating configuration composed of zonal air flow and heated surfaces—
driver seat, steering wheel, and floor mat—can reduce the heating energy by up to about
28%, while maintaining an equivalent thermal sensation. By simulation, [16] found that
the combination of zonal air and surface heating can lead to a 7–19% improvement of the
bus range.

Cabin preheating could also increase an electric vehicle range from 4% to 10% for
20 min of pre-conditioning [8]. There are basically two ways of reducing the power
consumption for heating the electric vehicles, as follows: (1) reduction in heating loads and
(2) improvement of the thermal system efficiency [8].

The heated load for an electric vehicle includes ventilation load and ambient load. The
ventilation load is necessary for two reasons, as follows: the first is to assure the air quality
inside the cabin (to keep a low concentration of CO2) and the second is to prevent fogging
on the windshield and on the other windows [9]. Using recirculated air is a method of
reducing the ventilation load, along with using a low thermal conductivity glass for the
windshield and windows.

The ambient load is a product of the temperature difference between the cabin air and
the external environment, because the heat flows through the vehicle body structure. Some
studies on using thermal isolation materials for vehicles showed up to 18% less heating
load. On the other hand, thermal isolation does not always solve the issues, because it can
lead to a strong greenhouse effect during the warm days in summer [9].

Zonal heating and inner surface heating (heated seats) are also methods of reducing
the heating loads requirements.

In this article, the main goal was to calculate the heat loss for a typical 12 m electric bus,
considering the conditions of a harsh winter day in Romania. Heat loss components were
calculated in order to determine the most affected zones of the bus. The analyzed vehicle
was actually a trolley bus (supplied from the contact lines), which has been adapted to also
operate independently on traction batteries during its route. Due to the limited onboard
battery, the distance to be covered as an autonomous vehicle is quite limited, especially
in cold weather in winter, when the heating system is in use and the necessary power
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for the heating system is very high (up to 30 kW). The goal of our work was to calculate
the heat loads inside this specific electric vehicle, with the aim to find the possibilities for
optimizing the energy consumption for this type of vehicle.

Thermal simulations were carried out in order to estimate the heat flux through the
structure of the bus (windows, walls, roof, floor, and doors). The calculated data for the
necessary energy to heat the bus were compared with the heating system data from a real
electric bus.

2. Heat Balance for an Electric Bus

Optimal energy consumption and interior thermal comfort for the passengers can be
calculated and modeled by using heat transfer theory, the heat balance method, and the
U-value (thermal transmittance) [17]. Based on the heat transfer theory, there are three
mechanisms for transferring heat: conduction, convection, and radiation. Heat transfer into
the electric bus is a complicated process, due to the complexity of the vehicle (windows,
walls of various layers, floor, roof, and doors) and because all three of the heat transfer
mechanisms are present.

2.1. Heat Conduction

Conduction appears inside a solid material or between two solid materials and fol-
lows Fourier’s law for one-dimension, with a temperature gradient inside the material
being required for heat transfer. Thus, considering the one dimension as x direction, a
solid material, for which k is the thermal conductivity, and for a local thermal gradient
of dT

dx , the conduction heat flux (qcond) through the material can be calculated with the
following equation:

qcond = −k
dT
dx

, (1)

The heat transfer by conduction in electric buses presents in areas such as the windows,
the walls, the roof, the floor, the doors, and any other object inside the vehicle (the seats,
for example).

2.2. Heat Convection

Convection is an important method of heat transfer for fluids, both inside the fluid and
for fluids in contact with solids, and it can be natural or forced convection. Considering the
temperature of the fluid Tfluid and the temperature of the body Tbody, the heat flux resulting
from convection can be calculated as shown in Equation (2), where the constant, h, is the
heat transfer coefficient, as follows:

qconv = h
(

Tf luid − Tbody

)
, (2)

Convection in electric buses takes place at the contact between the surfaces of the
walls and the fluids such as air (inside the bus) and the air or rainwater (outside the bus).
While in the interior the convection has a low variation, on the outside it is amplified with
the increase of the bus speed.

2.3. Heat by Radiation

Radiation is the only energy transfer mechanism that does not need a material support
and depends on the source’s temperature and the source’s surface properties. For cold
bodies, the heat transfer is negligible compared with convection and conduction. Based
on the Stefan–Boltzmann law for a black body, this energy emission can be calculated as
follows:

qrad(T) = ε·σ·T4, (3)

where ε is the emissivity of the body, σ is the Stefan–Boltzmann constant, and T is the
temperature of the body [K].
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The main radiation heat load for a bus is caused by the Sun, and, depending on the
weather conditions and the seasons, it can have an important contribution to the heat load
balance (during a sunny day at midday) or it may have low impact in heating a bus (during
a cloudy and cold winter day).

2.4. Heat Balance Method for Vehicles

The heat balance method is a common method for calculating heating and cooling
loads in a given space or zone [17]. Based on this theory, all heating loads can be written in
a comprehensive equation. Four distinct processes can be assumed for the heat balance
into an electric bus, as follows:

1. Outdoor surface heat balance.
2. Indoor surface heat balance.
3. Wall conduction.
4. Inside zone air heat balance.

For an optimal design of the heating system inside the bus, it is crucial to accurately
determine the heating loads, because underestimating them may lead to thermal comfort
problems, while an overdesign may increase the manufacturing and operating costs for the
vehicle [18].

Various heat loads must be considered, but there are eight main heat components to
estimate in the modeling and calculation of a vehicle cabin’s thermal balance [8,18–20], as
follows (Figure 1):

1. Metabolic heat load generated by the passengers—
.

Qmet.

2. Solar heat loads (caused by the Sun’s radiation) with three components—
.

Qsun,
as follows:

# Direct radiation from the Sun;
# Diffused radiation due to the dispersion in the atmosphere;
# Reflected radiation from the ground and other surrounding surfaces.

3. Heat load due to the electric motors—
.

Qmot.

4. Heat load generated by the traction battery—
.

Qbat.
5. Heat load due to the fresh air supplied by ventilation, which is necessary for passen-

gers’ needs—
.

Qven.
6. Heat flow changed with the ambient load, due to the temperature gradient be-

tween the bus structure (windows, walls, floor, roof, and doors) and the exterior
environment—

.
Qamb.

7. Heat flow changed with the ambient load, due to the doors opening during stops in

stations—
.

Qdoor.
8. Heat load generated by the heating system from the vehicle in order to assure the

thermal comfort for passengers—
.

Qhsyst.
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Thus, considering the above heat components, the heat load model for an electric bus
is given by Equation (4):

.
Qtotal =

.
Qmet +

.
Qsun +

.
Qmot +

.
Qbat +

.
Qven +

.
Qamb +

.
Qdoors +

.
Qhsyst. (4)

3. Heat Load Estimation for an Electric Bus

The necessary power for heating the cabin of the electric buses is estimated in some
studies, including [4,6,21,22]. According to [6], the energy consumption for heating a bus
can reach up to 35% of the main battery’s energy. In [4], data is presented for 12 m electric
buses, with the necessary heating power varying from 5 kW up to 25 kW in absolute value,
depending on the weather conditions and the time of the day.

In case of resistance heating, the energy demand can, in a worst-case scenario, double
or even almost triple the vehicle’s energy consumption. From measurements on a 12 m
electric bus, it was estimated that the average electric power necessary to keep the cabin’s
temperature at 17 ◦C on a cold winter day with a −10 ◦C environment temperature was
about 24 kW [21].

Another calculation estimates a heat loss of about 17.4 kW for a 12 m length bus,
depending on the materials of the vehicle and considering only the thermal conduction
through the structure of the bus and the heat loss through the open doors [22].

In this article, for the heat loss estimation, a typical low floor electric bus, with the
following characteristics, is considered [23]: 12 m length, 100 passengers capacity, 150 kW
electric motor, 3 doors, maximum speed 60km/h. The heating system of the bus has an
installed power of 33 kW and is composed from 4 heaters of 6 kW each, used to heat
the passengers’ cabin, and a 9 kW heater for the driver’s area. The vehicle is operating
mainly as a trolley bus (supplied form the contact lines), and it is adapted to operate also
independently on traction batteries during its route.

The estimation of the heating loads assumes difficult case conditions of a cold day in
winter with a −10 ◦C temperature of the outside environment. Heat loads are calculated
for continuous working conditions and the heat load required at first start of the bus was
neglected at this stage.

The aim was to estimate the rate of heat to be added inside the vehicle by the heating
system in order to maintain the desired conditions for thermal comfort, with a temperature
of 20 ◦C being considered for the interior of the vehicle. Additionally, the heat loss by its
component is to be determined in order to estimate the area consuming the most energy.

3.1. Metabolic Heat Load Generated by the Passengers,
.

Qmet

Because passengers of a bus sit and stand, the heat load can be estimated separately,
as in [18], with the metabolic heat production rates of 60 W/m2 and 70 W/m2, respectively,
and with 120 W/m2 for the driver of the bus. These values are related to the surface area
of a person, of about 1.80 m2 [18]. Other authors [24] consider, for the sitting passenger,
55 W/m2 and 85 W/m2 for the driver.

Taking into consideration that, during the cold days in winter, the heat released
by the human body into the surroundings is limited because the people are dressed in
thicker clothes—these thermal values are to be considered for their lower values. Thus, for
the calculation, a medium value of 60 W/m2 is accepted, which, for a person, results in
60 × 1.8 m2 = 108 W.

Buses are rarely at their full capacity, the average occupancy of a city bus being less
than 40%, or even about 30% [25]; therefore, for the heat load generated by 40 passengers,
a 4.32 kW value is estimated.
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3.2. Solar Heat Loads—
.

Qsun
3.2.1. Direct Radiation from the Sun

Heat gain, due to direct radiation, depends on the direct normal irradiance—the
incident angle of the radiation—on the area and the transmissivity of the surface. The heat
gain due to the direct radiation can be estimated as follows [18]:

.
QsunDir = A·τ·IDir·cos(θ) [W], (5)

where A is the surface area [m2], τ is the transmissivity of the material, IDir is the direct
normal solar radiation [W/m2], and θ is the incident angle of the solar radiation.

3.2.2. Diffused Radiation Due to the Dispersion in the Atmosphere

This is a heat gain due to the dispersion of the solar radiation on the atmosphere and
has specific calculation formula [18], as follows:

.
QsunDi f = A·τ·IDi f [W], (6)

where A is the surface area [m2], τ is the transmissivity of the material, and IDif is the
diffused solar radiation [W/m2].

3.2.3. Reflected Radiation Due to the Ground

In this case, the heat gain is due to the radiation reflected by the ground. Taking into
account the winter weather, when the roads are cold, this heat gain is to be considered as
negligible for our calculation.

3.2.4. Solar Heat Gain Estimation for Romania

Romania is situated in the Central to East European continent area, between 43◦37′ and
48◦15′ latitude North, and 20◦45′ and 29◦41′ longitude East, having a temperate continental
weather, with about 6 months of cold weather (from October to March). January and
December are the coldest months of the year, with average temperatures of about −6 ◦C
at midday, with lower temperatures (down to −10 ◦C) during mornings and evenings,
and with minimum temperatures of down to −24 ◦C (based on the official data from the
National Meteorological Administration from Romania [26]). During this 6-month period,
the solar irradiation to be considered is usually between 9.00 and 15.00 h of the day (direct
radiation load decreases due to the decrease in the sun elevation angle for the simulation
period, which happens after midday [24]), having clear sky for about 40% of the day [27].

The solar heat gain for a bus varies permanently because it depends on a multitude
of factors: time of day, clear or covered sky, the angle of incidence of solar radiation, the
variable position of the vehicle, the possibility of shading it depending on the route (espe-
cially in the urban areas, with boulevards sheltered by high buildings), varying surfaces,
and the transparency of the windows, etc. Therefore, the estimation of heat gain from solar
radiation can only be carried out roughly, considering several simplifying hypotheses.

Existent data about the solar irradiation in Bucharest, the Romanian capital, during De-
cember and January are summarized in Table 1—global irradiation includes measurements
for both direct and diffused solar radiation.

Table 1. Global irradiation includes measurements for both direct and diffused solar radiation.

Hourly Average of Sun’s
Brightness, around 12

O’Clock

Hour 9 12 15 Daily Irradiation
Average,
[W/m2]

Global Solar Irradiation,
[W/m2]

December 0.36
Clear sky 89 145 85 106.3

Overcast sky 25 68 24 39.0

January 0.39
Clear sky 130 280 132 180.7

Overcast sky 65 145 68 92.7
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If HA12 is the “Hourly average of Sun’s brightness, around 12 o’clock”, and IglC and
IglO are the global solar irradiation for the clear sky, respectively, for the overcast sky, then
the maximum solar irradiation of the bus happens at noon and can be calculated with the
following relation:

IMax = HA12·IglC + (1− HA12)·IglO [W/m2], (7)

With the data in Table 1, the above relation shows IMax = 197.7 W/m2. However, the
solar irradiation of the bus during these two winter months manifests for maximum of 6 h
per day and not all is transformed into the heat. Factors that reduce solar heat inputs, such
as the transmissivity of windows, exterior shading, and reflective surfaces, etc., must be
taken into account.

The 12 m bus has a transparent window area of 29 m2, and for a double pane window
the transmissivity is τ = 0.75 [18]. Keeping the same hourly average of Sun’s brightness
and applying Relation (7) for the daily average of solar irradiations, the average heat gain
is given in Table 2 for both of the winter months considered.

Table 2. Average heat gain for both direct and diffused solar radiation.

HA12
Average Solar Irradiation,

[W/m2]
Bus Windows

Area, [m2] τ
Average Heat

Gain [kW]
Daily Average Heat

Input, [W/m2]

December 0.36 63.24
29 0.75

1.38 8.25

January 0.39 126.99 2.76 16.57

The presented calculation is a rough estimation of the heat gain and daily heat input.
Contributions of the shading factor or reflected radiation, due to the ground, are neglected.
Results showed that the most demanding month for the heating installation is December.

3.3. Heat Flow Due to the Fresh Air Supplied by Ventilation, Which Is Necessary for Passengers’
Needs—

.
Qven

Ventilation and ambient loads are functions of the temperature difference between the
cabin and the ambient load. The air flow rate for the buses depends on the operating of the
air conditioning system, with values between the 0.05 m3/s and 0.3 m3/s [28]. For the city
buses with frequently stops, the fresh air supplied by ventilation is dominated by the air
flow through the open doors, and the ventilation can be used for the lower value, which is
0.05 m3/s [28]. Heat transfer due to the ventilation can be estimated with Formula (8) and
depends on the temperature difference (∆T), the specific heat, the air density (ρair) and the
air flow rate (

.
V) [29], as follows:

.
Qven =

.
V·ρair·c·∆T [W], (8)

For an air flow rate of 0.05 m3/s, an air density of 1.27 kg/m3, a specific heat of
1009 J/kg*K, and a gradient of temperature of 30 ◦C, the heat transfer due to the ventilation
is

.
Qven = 1.922 kW.

3.4. Heat Flow Changes with the Ambient Load Due to the Temperature Gradient between the Bus
Structure and the Exterior Environment (Ambient Heat Load)—

.
Qamb

Heat transfer takes place from warm bodies (areas) to colder bodies (areas). So, in
the winter cold days, the heat transfer takes place from the heated bus cab to the cold
outside environment Thus, a large amount of heat is loss into the atmosphere through the
windows, walls, roof, floor, and doors. This heat loss depends on the area of the surfaces,
on the heat transfer coefficient (for each material or an overall estimated coefficient), and
on the inside and outside temperatures. The heat transfer is estimated considering the
conduction through solid materials, the convection between the interior air in the bus and
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the inner surfaces, and the convection between the exterior air and the outer surfaces of
the bus (Figure 2).
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For a wall composed by a single layer, the heat transfer is calculated with the following
equation:

.
Q = A·U·(Ti − To) [W], (9)

where A is the cross-sectional area [m2], U is the heat transfer coefficient [W/m2 K], Ti is
the inside temperature [◦C], and To is the outside temperature [◦C],

The heat transfer coefficient is calculated as a combination of conductive and convec-
tive heat transfer, which is given by [18]:

1
U

=
1
hi

+
L
k
+

1
ho

, (10)

where hi is convective heat transfer coefficient between the interior air and the inner
surfaces of the wall [W/m2 K], ho is the convective heat transfer coefficient between the
exterior air and the outer surfaces of the wall [W/m2 K], L is the thickness of the wall [m],
and k is the conductive heat transfer coefficient of the wall [W/mK].

For the vehicles, the convection coefficients of the outer surfaces depend on the vehicle
speed, and for the inner space, the coefficient depends on the air speed inside, relative to
the inner surfaces [18], as follows:

h = 9 + 3.5v0.66 [W/m2 K], (11)

with v as the relative air speed to the surface [m/s].
In order to estimate the heat loss as accurately as possible, for the walls composed

by multiple layers, the thermal contact resistance between the layers of the bus structure
will be considered also. Thus, knowing the heat loss on its components will be possible to
estimate the possibilities to improve the bus structure to reduce the heat loss.

With limited information on the roughness profile, the density, and the radii of the
contact spots, the estimation of the thermal contact resistance brings uncertainty into the
calculation. Considering [30–32], the thermal contact resistance of the interface between
two layers is given by the ratio between the difference of temperatures along the interface
and the heat,

.
Q [W], as follows:

Rc =
∆Tinter f ace

Q
[K/W], (12)

where ∆Tinter f ace is the difference of temperature along the layers’ interfaces.
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Based on heat flux, q =
.

Q/A [W/m2], related to the surface area, the resistance can be
considered as follows:

rc =
∆Tinter f ace

q·A [K/m2W], (13)

Thus, for a multiple layered wall (with thicknesses (Lj) and conductive heat transfer
coefficient (kj)), the overall heat transfer coefficient must be calculated, including the
thermal contact resistances between the layers, as follows:

1
U

=
1
hi

+ ∑
Lj

k j
+

1
ho

+ ∑ rcj, [K/m2W], (14)

where Lj, and kj are the thickness and conductive heat transfer of the layer j, and rcj is the
thermal resistance for the layer interfaces.

3.4.1. Heat Loss through the Windows of the Bus—
.

Qw

The heat lost through the windows is estimated as heat loss due to conduction through
the windows and due to the convection to the interior and exterior air. There are various
types of windows used for the buses, differing by glass thickness, the quality of the glass
(clearness), or by the types of the windows (one layer or two layers with inside air isolation).
For this calculation, it was assumed that the windows have a single layer of 6 mm glass
thickness and the area of the windows of the bus is 29.0 m2.

Using Formulas (8)–(10) and a vehicle speed of 40 km/h (11.1 m/s) (as the maximum
speed for the city movement of the bus), the heat loss calculated for the all window area of
the bus is

.
Qw = 5612 W, for U value = 6.45 W/m2 K.

For the air inside the vehicle, the speed is assumed to be zero, so hi = 9 [W/m2 K], and
k = 1.05 [W/mK] is the conductivity of the glass.

In order to estimate the real temperature on the surfaces of the windows, a simulation
using Comsol Multiphysics software has been performed. The simulations were made for
the steady-state regime by modeling the geometry of the bus structure and considering the
actual values for the parameters of the materials.

Figure 3 shows the thermal simulation through a window of the bus considering an
inside temperature of 20 ◦C (left side of the image) and an exterior temperature of −10 ◦C
(on the right side of the image). The exterior temperature was chosen assuming a difficult
case scenario for the month of December in Romania. As can be seen, the temperature on
the external side of the glass is of 13.4 ◦C.
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3.4.2. Heat Loss through the Walls of the Bus—
.

Qwall

The walls of the bus are made from three materials, that is (from inside to outside):
laminated wood (MDF), polyurethane foam, and a sheet of steel. Their thickness and
thermal conductivities are presented in Table 3.

Table 3. Thickness and thermal conductivities for the materials of the wall of the bus.

Material Thickness [m] Thermal Conductivity [W/mK]

Iron 0.0008 76.2
Polyurethane foam 0.01 0.04
Laminated wood 0.004 0.107

As for the simulation, in Figure 4a, the model of the three layers of the wall is presented,
with a temperature of about −8.1 ◦C on the exterior wall of the bus, with main thermal
loss from the steel and the foam in the wall. The interior side of the vehicle is on the left
side of the image (Figure 4a). Vehicle speed is incorporated into the model as the velocity
of the fluid (the exterior air).
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For the triple layered wall of the bus (Figure 4b), the overall heat transfer coefficient is
calculated as follows:

1
Uwall

=
1
hi

+

(
L1

k2
+

L1

k2
+

L1

k3

)
+

1
ho

+ rcwall , [K/m2W], (15)

The thermal contact resistance for the wall is the sum of the thermal resistance for the
two interfaces If1 and If2 (Figure 4b). For the first interface thermal resistance estimation
(between the layer of wood, L(1), and foam, L(2)), we assumed that the heat transferred
through the surface area of the wall is constant, and we can write the following:

.
Q
A

=
∆T
L1
k1

, (16)

where ∆T = Ti − T1 [◦C] is the difference of temperature along the layer, L(1).
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For the interface zone (between the layers L(1) and L(2)):

.
Q
A

=
∆Tinter f ace

rc12
, (17)

∆Tinter f ace = T1 − T2 [◦C], with T1 and T2 indicating the temperatures on the interface
of the layers L(1) and L(2), between wood and foam layers respectively (Figure 4b).

The interface temperature T1 and T2 are estimated from the Comsol simulations
(Figure 4a), resulting T1 = 16.27 ◦C and T2 = 16.12 ◦C.

With these values, and using the Equations (16) and (17), the first interface shows
rc12 = 0.002 [K/m2 W]. Similarly, but considering T3 =−8 ◦C and T4 =−8.14 ◦C, the second
interface is calculated, between the second and the third layer, as follows: rc12 = 8·10−6

[K/m2 W], for the wall of the bus, is rcwall =0.00208 [K/m2 W].
For the speed of 40 km/h, with 20 ◦C inside and −10 ◦C outside temperatures,

and for an area of the wall of the bus of Awall = 27 m2, the U value is determined as
Uwall = 2.283 W/m2 K and the heat loss through the wall is

.
Qwall = 1849 W.

3.4.3. Heat Loss through the Roof—
.

Qroof—And the Floor of the Bus—
.

Qfloor

The roof of the bus is composed of a layer of iron sheet, a layer of polyurethane foam
(as isolation), and a volume area filled with various equipment (air conditioning, pipes,
power supply equipment, and power conductors from the power collecting system). These
equipment elements are made mostly from metals and cover about 50% of the roof area.
Due to this complex structure of the roof, in order to estimate the U value for the roof,
including this complex area (composed of metals materials and air), we consider this area
as composed of two parallel layers of metals and air.

The simulation of the heat transfer through the roof is presented in Figure 5a, which
shows the differences in temperatures between the metal area of the third layer (on the left)
and the air area (on the right of the third layer).
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For the speed of 40 km/h a U value for the roof of 1.87 W/m2 K, the heat loss is
.

Qroof = 1632 W. This calculation include also the thermal resistance of the roof layers
(rcroof = 0.008 [m2 K/W]).

The floor is composed of three layers: an iron sheet, a laminated wood layer, and a
PVC layer for the intensive transport of people (Table 4). The U value (at 40 km/h) for the
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floor (including thermal resistance rcfloor = 0.0152 [m2 K/W]) is 2.747 W/m2 K and the heat
loss is 2425 W.

Table 4. The thicknesses and thermal conductivities for the materials of the floor of the bus.

Material Thickness [m] Thermal Conductivity [W/mK]

Iron 0.002 76.2
Laminated wood 0.02 0.107
Polyvinyl/PVC 0.003 0.19

The total heat loss through the windows, walls, roof, and floor of the bus, for a speed
of 40 km/h, is determined as

.
Qamb = 11,518 W.

The total ambient heat loss (heat loss through the windows, walls, roof, and floor of
the bus) is presented in Table 5 for the various speeds of the vehicle (0, 20, 40, and 60 km/h).
These values show a significant variation of heat loss between the moment when the bus
stops and when it is in motion. It is worth mentioning that the influence of the thermal
resistances is less than 3%. Moreover, the differences of heat loss between various speeds
are not too high: they are about 3–5%.

Table 5. U values and heat loss through the bus structure into the ambient.

v [km/h]
U Value [W/m2 K]

.
QStructure [W] .

Qamb [W]
Uw Uwall Uroof Ufloor

.
Qw

.
Qwall

.
Qroof

.
Qfloor

0 4.4 1.957 1.67 2.272 3832 1585 1458 2004 8879

20 5.988 2.218 1.828 2.66 5209 1797 1595 2346 10,947

40 6.45 2.283 1.87 2.747 5612 1849 1632 2425 11,518

60 6.757 2.32 1.89 2.8 5878 1879 1653 2470 11,880

3.5. Heat Loss Due to the Doors Opening

Estimating the heat loss through the open doors of the bus when it is stopped in
stations is quite difficult, due to the air flow complexity between the inside of the bus
and the exterior air of the environment, which depends on the random process of the
weather conditions and wind speed and direction. The air is assumed to be an ideal gas
and is compressible.

When a pressure is applied to the interior air, the volume of the air is modified with a
volume equal to the amount of the outside air, which is pressurized into the vehicle cabin,
and therefore an air exchange is caused in the process. Some of the income air from outside
is mixed with the inside air and is removed through the opening of the doors, due to the
airflow direction change and due to the gradient of the temperature and the pressure, this
is proportional to the surface area of the opening [33].

The worst-case scenario is when the wind blows directly into the open door, as
presented into the cross-section of the bus structure, showing an opened door (Figure 6).

The heat loss through an open door of the bus is estimated with the following formula:

.
Qdoor =

.
V·ρair·c·∆T [W], (18)

where
.

V is the flow rate of the air [m3/s], ρair is the air density 1.27 kg/m3, and c is specific
heat of the air 1009 J/kg·K.
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Figure 6. Schema cross-section through the bus structure for an open door.

According to [33], for a single opening enclosure (one open door), for a wind velocity
of 10 m/s (a medium wind speed value during a cold day in winter), a flow rate of
.

V = 0.4 m3/s for a surface area of 1.44 m2 is found. Thus, using Formula (17), heat losses
result of

.
Qdoor = 15,377 W for a single open door and, respectively, of

.
Q3door = 46,131 W for

all the three open doors of the bus,
Obviously, usually the doors do not stay open too frequently. The average stop time

for a city bus is about 30 s [21], with an average running time between stops of 4 min,
resulting the doors being open for 1/9 h. As consequence, the hourly heat loss from the
open doors is 5.125 kW. Depending on the route, the number of stops, and the number of
passengers getting on and off the vehicle, this heat loss may have various values.

3.6. Heat Load Due to the Electric Motors and Heat Load Generated by the Traction Battery

The actual electric vehicles use high efficiency electric motors which generate low
amount of waste heat [8]. Even the heat released from the main battery pack is not enough
to heat the interior of an electric bus, and for the present calculation of the heat inside the
bus these heat losses are considered as negligible.

3.7. Heating System Load to Assure the Thermal Comfort for Passengers

Summarizing the heat loads on the bus, a heat gain of 5.72 kW (the sum of
.

Qmet and
.

Qsun) and a loss of energy of 18.5 kW (the sum of
.

Qven,
.

Qamb, and
.

Qdoors) is found. As
consequence, the necessary load for the heating system of the 12-m long bus is about
12.79 kW. For higher speeds (max. 60 km/h speed of the bus) and for even harsher winter
conditions, this value grows up to 14 kW. This load has to be compensated by the heating
system, regardless of the technology used to heat the bus [31].

The analysed existent bus is equipped with 4 heaters of 6 kW in the passengers’ cabin
and 1 heater of 9 kW in the driver’s area. This results in 33 kW of power installed for the
electric bus heating system, which, compared with our model, is an oversized heating
system [34,35]. The oversizing is only useful for more quickly obtaining the ambient
comfort parameters in the bus.

4. Discussion

Research on heating in vehicles is of major importance, especially in cold weather
zones, but it is not wide spread over all types of vehicles. Most studies are in the area
of automobiles, with few on buses, due to the fact that analyzing and simulating a bus
(which is significantly larger and has an intricate structure) is a more complex and time-
consuming process.

This article aimed to respond to some of the thermal problems related to electric buses.
Estimation of the necessary heat to assure thermal comfort during cold winter days is
quite important due to the limited power of these types of electric vehicles. Additionally,
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along with the limits in energy stored onboard and the vehicles complexity, their particular
operating regime results in a complex study due to the various numbers of passengers,
doors frequently opening, and the necessity to operate throughout the day.

This study estimates the eight main heat load components on electric buses. Two of
them were assumed to be negligible for our thermal model. Firstly, the heat load due to
the electric traction motor, and secondly that due to the traction battery pack, as the actual
elements are highly efficient.

Therefore, six heat loads were considered for our model: metabolic heat load, Sun heat
load, ventilation heat load, ambient heat load, heat flow through the open doors, and the
heat load generated by the heating system in the bus. These heat loads were calculated for a
12 m electric bus with the following characteristics: 100 passengers, 150 kW electric traction
motor, 3 doors, and 33 kW installed power for the heating system. The calculation was
estimated for a harsh winter cold day of December in Romania, with a median temperature
of −10 ◦C. The thermal comfort of the passengers was calculated for a 20 ◦C temperature
inside the bus, resulting a gradient of temperature of 30 ◦C.

The value of the metabolic heat load depends on the passenger numbers in the vehicle,
and the Sun heat load depends strongly on the weather conditions. These heat loads are as
a contribution (a heat gain) to the inside bus heating (considered as positive in the thermal
model of the vehicle), and, for a harsh day in winter, these represent about 22% and less
than 15%, respectively, of the necessary heat of the bus. The heat load from ventilation is
an energy-consuming heat load (with energy supplied from the onboard storage system)
and it represents less than 10% of the necessary heat for the bus. Being a mandatory system
in the vehicle, its contribution to the vehicle heating can be considered to be a heat gain.
Thus, these three heat loads assure an input of heat of about 23% of the necessary heat
inside the bus.

Heat loss on the bus is composed of the ambient heat loss through the bus structure
and the heat loss through the open doors at the stops, with an average value of energy
demand of 12–14 kWh. Of these, through the bus structure the heat loss is the most
significant, with its four components—the windows, the walls, the floor, and the roof—
representing about 78% of the total heat loss. The main heat loss is through the windows
(about 26%), while the other three heat loss components have almost the same contribution
(about 8.1–8.3% each).

Heat loss through the open doors depends on the route of the bus, the number of
stops, and the number of passengers getting on and off the vehicle, with an estimation of
22% of the total heat loss.

The heat load balance led to the conclusion that the heating system must supply a
minimum heat load of 18.5 kW. This value is useful for more successfully designing the
heating system and managing its operation. The thermal model used in this study allows
optimization of the process, by using various less frequently studied heating solutions
in order reduce the energy consumption for the heating, and implicitly reduce the CO2
footprint, while preserving the thermal comfort of the passengers and driver.
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This article presents a theoretical investigation into the thermal behavior of a pack 
of 18650 lithium-ion commercial batteries used for the propulsion of two-wheeled 
electric vehicles. In the first part, we highlight the theoretical aspects that describe 
the energy balance of a cylindrical lithium-ion battery based on the law of con-
servation of energy. The research aims to emphasize the effect of temperature on 
the technical performance of batteries. Next, using the COMSOL Multiphysics 
6.2 software package, "heat transfer in solids and fluids", the thermal behavior 
was modeled for a single cylindrical battery cell, type 18650 lithium-ion, 3.7 V,  
2200 mAh, respectively a battery pack with the same type of cells, 18650 lithi-
um-ion. The battery pack was made in the structure of 3 cells in series and 7 cells 
in parallel (3S7P). The distribution of the temperature generated inside the battery 
cell, respectively in the structure of the 3S7P battery pack, was taken into account, 
at a charge/discharge rate considered extreme of 5.5C. In order to ensure a quality 
mesh in the process of simulating the geometry of the 3S7P battery pack, a mesh 
convergence study was also considered through progressively finer runs until the 
temperature of the battery pack did not change significantly with the subsequent 
refinement of the mesh. Simulations of thermal behavior were conducted while 
accounting for thermal conductivity, density, heat capacity, and heat source in the 
batteries. The battery pack was thermally loaded to measure temperatures inside 
the protective case, starting from an initial ambient temperature. The results ob-
tained demonstrate several characteristics that can enhance the technical perfor-
mance of battery packs used in electric two-wheeled vehicles.
Keywords: simulation, cylindrical lithium-ion batteries,  

thermal stress, energy transfer 

Introduction 

Climate change, the depletion of fossil fuel reserves, but also the increase in pollution 
are a vital problem at a global level [1]. The European Union’s policies on GHG emissions aim 
for climate neutrality by 2050, and their reduction should reach at least 55% by 2030 compared 
to 1990 levels [2]. Achieving climate change mitigation goals would require changes in societal 
behaviors, but also in technologies that would phase out the use of polluting energy resources. 
In this regard, finding new sources of green energy, but especially technologies for storing this 
energy, is a global concern both among researchers and manufacturers of equipment and tech-
nical devices specific to the automotive industry. In this direction, numerous energy storage 
* Corresponding author, e-mail: costica.nituca@academic.tuiasi.ro
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technologies (mechanical, electrochemical, thermal or chemical) [3] are known, with different 
energy capacities and charge/discharge times [3, 4], but also with a certain impact on the en-
vironment [5-8], thus resulting in several types of storage devices: flywheels, compressed air, 
hydro-pumping, batteries (lead-acid, lithium-ion), flow battery, double-layer capacitor, super-
conducting magnets, hydrogen and molten salts [9, 3].

Among the energy storage technologies that are gaining popularity, have relatively 
low costs, high autonomy, and also technological advances in implementation, the most prom-
ising seem to be electrochemical storage technologies. In this category of technologies, we find 
batteries with lead acid, nickel, sodium-sulfur, lithium batteries, and flow batteries [10]. Energy 
stored in batteries finds its availability in commercial, residential, agricultural, and industrial 
spaces. According to the report [11], batteries will be key to achieving the energy targets agreed 
by nearly 200 countries at the COP28 climate change conference in Dubai (the 28th United Na-
tions Climate Change Conference), in particular tripling renewable energy capacity by 2030, 
doubling the pace of energy efficiency improvement and transitioning away from fossil fuels 
[12]. Due to the potential of energy storage systems, researchers’ efforts are focused on iden-
tifying typologies, technical characteristics, limitations, comparisons, evaluations, challenges, 
but also applications aimed at using the best energy storage technologies [3].

One sector that seems to be using the potential of electric batteries is electric vehicles. 
As a solution dependence on fossil fuels, the concept of sustainable transport is identified [13]. 
This can be achieved, as the use of electric vehicles in the transport sector would significantly re-
duce greenhouse gas emissions, contribute to an improvement in air quality [14], but would also 
eliminate some of the noise pollution produced by vehicles with internal combustion engines 
[15-17], in a word, they would be environmentally friendly. Moreover, compared to the fossil 
fuel-based propulsion energy source, in the case of electric vehicles (light, medium or heavy), 
electric batteries can be recycled, leading to an alleviation of environmental concerns [6].

If we consider the use of batteries for electric vehicles, then different requirements are 
imposed, which are given by the specific energy, power density, rated voltage, self-discharge 
speed, charging time, life cycle, operational safety, working temperature, cost price, etc. With a 
higher energy density (620 kWh/m3), lithium-ion batteries are by far the high-capacity technol-
ogies for an improved implementation of energy storage in the built environment, even if the 
price is high [3]. However, batteries still present a number of obstacles to their introduction on 
the widest possible scale. These can be identified in the underdeveloped technology of electric 
batteries [17], the limited autonomy, the charging time, but also the expensive initial costs [18]. 
Extensive research is being conducted to tackle the challenges facing battery technology head-
on. This research is driving the development of advanced technologies such as fast charging, 
optimization strategies [8, 19] intelligent charging systems [20, 21], and significant impro-
vements in energy efficiency. Additionally, it addresses the practical limitations of wireless 
charging, modern algorithms for battery condition assessment, safety measures for high-energy 
batteries, and their environmental impact [7, 8]. Moreover, we have made substantial progress 
in voltage balancing of battery cells within battery management systems, employing various 
methods to ensure effective balancing during both the charging and proper discharge processes 
of battery packs [22, 23]. These efforts aim to improve the usability, reliability and general 
acceptance of different types of electric vehicles [24].

In this study, aspects regarding the thermal behavior of the commercial lithium-ion cy-
lindrical battery type 18650, are treated [25]. The battery pack subjected to simulation contains 
21 cylindrical cells, 18650, in 3S7P connection. The electrical connections between the cells 
of the battery pack were made with connectors made of zinc metal sheet, with a thickness of  
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0.5 mm. The length of the electrical connector for both series and parallel connections is  
123 mm. The width of the series connector is 8 mm, and that of the parallel connector is  
27 mm. The parallel connector element has six square cutouts with sides of 11 mm along its 
length. Also, the battery pack is inserted into a rectangular protective housing made of thermo-
plastic polymer (acrylonitrile butadiene styrene).

In the first part, an analysis of the role, importance, and specific problems of batteries 
used in the automotive is presented, with a presentation of an analytical model on heat transfer 
for cylindrical lithium-ion batteries. The thermal response of the battery pack is presented, em-
phasizing the action of temperature on their performance. In the final part, a thermal modelling 
and simulation of the cylindrical lithium-ion battery using the COMSOL Multiphysics software 
package is presented, aiming at the results obtained to be interpreted in order to identify some 
points of optimization from a technical point of view of the battery packs used in the propulsion 
of 2-wheeled electric vehicles. 

Analytical model for heat transfer

The thermal behavior of batteries is generally governed by three fundamental equa-
tions: the heat generation equation, the energy equilibrium equation, and the boundary con-
dition equation [26, 27]. Based on these equations, there are a multitude of models that have 
proposed to study the thermal battery cells characteristics [27]. The concentrated capacitance 
model was taken into account in the analytical solution method for heat transfer in the battery 
cell [28]. The equation describing the energy balance of a cylindrical cell for a lithium-ion bat-
tery can be developed considering the law of conservation of energy. Under these conditions, 
the relationship of energy balance can be written [28-30]:

2
d 1 1
dp r a z
T T T TC k r k k Q
t r r r z zr

ρ
ϕ ϕ
 ∂ ∂ ∂ ∂ ∂ ∂   = + + +    ∂ ∂ ∂ ∂ ∂ ∂    

 (1)

where it is observed that the term on the left side represents the energy stored in the cell, while 
the term on the right side shows the 3-D conduction of heat, the expression of the rate of vol-
umetric heat generation. Taking into account the constructive structure of a cylindrical cell in 
a lithium-ion battery, each cell of a battery module can be considered as a homogeneous body 
with effective thermophysical properties [28, 31]. In view of these considerations, the actual 
value of the density and thermal capacity of a single cell can be written [28]:
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As the active material of the lithium-ion battery consists of one or more battery cells 
whose layers are spirally wound in a cylinder, the thermal conductivities are hypothesized to be 
thermally anisotropic, exhibiting a higher thermal conductivity along the battery sheets, in the di-
rection of the length of the cylinder, compared to the normal direction of the sheets, i.e. the radial 
one [32]. Under these conditions, the thermal conductivity in the radial direction [28], [31-33]:

,T

i
i

r
i

ii

L
k

L
k

=
∑

∑
(3)



Nituca, C., et al.: Simulated Thermal Response of a Battery Pack Used ... 
1318	 THERMAL SCIENCE: Year 2026, Vol. 30, No. 2B, pp. 1315-1326

and the thermal conductivity in the direction of the length of the cylinder is given by the relationship:
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L k
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L
=
∑
∑

(4)

Similarly, the density and specific heat capacity of the active material can be deter-
mined [33]:
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Thermal modelling of concentrated capacitance is an approach to transient conduction 
that assumes that the temperature of a solid is spatially uniform and is only a function of time, 
t. This implies that there are negligible temperature gradients in a solid and that the thermal 
conductivity, k, is infinite. In reality, this aspect is completely different, in the sense that it can 
only be approximated if the thermal resistance to conduction inside the solid is significantly 
lower than the thermal resistance to convection between the solid and the environment [27, 28]:

1cL
k h
 (7)

In the given case, the characteristic length, h, is the ratio of the volume to the surface 
area of the solid. In addition, eq. (7) formulates the dimensionless number Biot as in [26-28]:

Bi 1chL
k

=  (8)

The ratio of heat transfer resistance within and to the surface of the battery cell is rep-
resented as Biot number, and it must be significantly less than 1 to be applied in a concentrated 
capacitance model. This is because when it is less than 0.1, the transient heat pattern error is 
less than 5%. When taking into account the parametric values of the current scenario, the num-
ber is also less than 0.1 [28]. If the Biot number is higher than 1, it means that there would be 
temperature gradients inside the body [26]. Under these conditions, there is the alternative of 
applying the concentrated capacity model for the heat transfer of the lithium-ion battery cell by 
simplifying the equation of the global energy balance:

( )amb
d
dp
TC hA T T Q
t

ρ = − +  (9)

The thermal balance for the recovery of the energy stored in battery packs used in 
the propulsion of 2-wheeled electric vehicles is a key to verifying their technical performance. 
From this mathematical analysis it is possible to identify the direction of optimization of the use 
of electricity stored in batteries.

In eq. (9), Q̇ [W] signifies the battery volumetric heat production rate. There are 
several heat sources in a battery, mainly irreversible and reversible processes, that occur during 
its charging/discharging process. Irreversible heat is primarily due to ohmic resistance from 
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the flow of electrons and ions and polarization resistance from activation and concentration 
changes, while reversible heat comes from electrochemical reactions and entropy changes at 
the cathode and electrode of the battery.

The total heat produced by the battery can be written as [30, 34]:

( ) ouc
irr rev ouc

U
Q Q Q I V U IT

T
∂

= + = − +
∂

(10)

where Q is the heat of reaction, Qrev – the reversible heat and Qirr – the irreversible heat, I – the 
discharge current, V – the battery potential, T – the battery temperature, Uouc – the open circuit 
potential, and ∂Uouc/∂T

 
– the entropic heat coefficient.

Modelling and thermal simulation of  
cylindrical lithium-ion battery pack

The causes that determine the heating of electric batteries in the charging or discharg-
ing process are given by changes in enthalpy, resistive heating inside the cell, respectively elec-
trochemical polarization. The change in enthalpy combined with the electrochemical reactions 
that occur inside the battery is the main cause of the increase in battery temperature [28, 30]. 
Following the analysis of the thermal balance equation, ohmic heat is identified as representing 
the energy loss caused by transport resistance in solid and electrolytic phases, while electro-
chemical polarization can be regarded as the deviation between the open circuit potential of the 
cell and the operating potential [28].

The dependence of battery performance on temperature

The lithium-ion batteries work optimally within the designed parameters only over a 
well-established temperature range. Thus, [35] it mentions that the temperature range is usually 
intended to be between 25 °C and 35 °C, as temperatures that are too high or too low can reduce 
the efficiency of the battery. In [36] it is specified that the reliable operating temperatures of 
lithium-ion batteries are in the range of –20 °C to 55 °C during discharge and 0 °C to –45 °C 
during charging. Typically, lithium-ion batteries work optimally in the temperature range of  
20 °C to 45 °C [37].

Results of the of the cylindrical lithium-ion  
battery pack thermal simulation

For this study, the commercial cylindrical lithium-ion battery, type 18650, minimum 
capacity 1950 mAh, maximum capacity 2200 mAh, nominal voltage 3.7 V, maximum charging 
voltage 4.2 V, dimensions 18 mm × 65 mm, manufactured outside the EU. The 3S7P battery 
pack is assembled by the authors as part of this research.

Table 1 presents the parameters of the 18560 cylindrical lithium-ion battery used for 
thermal simulation [30, 38].

The specific sizes and values of the cylindrical lithium-ion battery used for modelling 
and simulating the thermal response, were used as input quantities for the COMSOL Multiph-
ysics software environment, [38, 39].

The goal pursued by modelling and simulating the thermal response was to identify 
the way in which the temperature distribution is obtained, and to identify new solutions to 
obtain the heat dissipation. In order to simulate the distribution of the temperature generated 
inside a battery during the charging/discharging process, in a first step, the thermal behavior for 
a single battery was modeled. In this regard, ohmic heat, reaction heat, and polarization heat 
were considered.
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Table 1. Parameters of 18560 cylindrical Li-ion battery  
used for thermal simulation [30, 38]

Parameter description Value Unit
Thickness of battery canister, dcan 0.25 [mm]

Battery radius, 𝑟𝐵 9 [mm]

Battery height, ℎ𝐵 65 [mm]

Mandrel radius, 𝑟𝑚 2 [mm]

Length of negative electrode, 𝑙𝑛𝐸 55 [μm]

Length of separator, ls 30 [μm]

Length of positive electrode, lpE 55 [μm]

Negative current collector thickness, dnCC 7 [um]

Positive current collector thickness, dpCC 10 [um]

Positive electrode thermal conductivity, kTp 1.58 [Wm–1K–1]

Negative electrode thermal conductivity, kTn 1.04 [Wm–1K–1]

Positive current collector thermal conductivity, kTpCC 170 [Wm–1K–1]

Negative current collector thermal conductivity, kTnCC 398 [Wm–1K–1]

Separator thermal conductivity, kTs 0.344 [Wm–1K–1]

Positive electrode density, Rℎop 2328.5 [kg/m3]

Negative electrode density, Rℎon 1347.33 [kg/m3]

Positive current collector density, RℎopCC 2770 [kgm–3]

Negative current collector density, RℎonCC 8933 [kgm–3]

Separator density, Rℎos 1008.98 [kgm–3]

Positive electrode heat capacity, Cpp 1269.21 [Jkg–1K–1]

Negative electrode heat capacity, Cpn 1437.4 [Jkg–1K–1]

Positive current collector heat capacity, CppCC 875 [Jkg–1K–1]

Negative current collector heat capacity, CpnCC 385 [Jkg–1K–1]

Separator heat capacity, Cps 1978.16 [Jkg–1K–1]

Cycle time, tc 600 [second]

Inlet temperature, Tin 298.15 [K]

Cell capacity, QB 1.258 [Ah]

Ohmic overpotential at 1C, ζ1C 4.5 [mV]

Dimensionless charge exchange current, J0 0.85

Diffusion time constant, τ 1000 [second]

Initial state-of-charge, SOCi 0.2

Applied current, Iapp 2.5 [A]

The rate of discharge/charge, Cr 1

Time of discharge, td 3600/Cr [second]
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The simulation model consisted of a 1-D model (which models the chemistry of the 
battery cell) and a 3-D model (modelling the temperature in the battery), which were coupled 
in the simulation process. The cell model was created using the Lumped Battery interface [37], 
for which the battery capacity and its initial state of charge were used. To identify the place of 
heat generation inside the cell, the 1-D model was used, and the 3-D model was used to model 
the temperature profile of the battery cell [38].

The simulations performed in the paper [38], present the thermal behavior of the 
18650 cylindrical battery at a charge/discharge current with a rate of 7.5C, where at t = 1220 
seconds, the temperature differences present the values: ΔTmax = 23.775 K, ΔTmean = 22.917 K, 
ΔTmin = 22.039 K.

For our research, we are interested in the thermal behavior of both the 18650 cylin-
drical battery and the 3S7P package, but at a charge/discharge current with a rate of 5.5C. This 
reasoning takes into account the fact that, in general, light two-wheeled vehicles have a less 
severe operating regime, as they are used in cities on routes without large slopes. In this context, 
we will choose the peak temperature value that occurs at t = 1220 seconds, according to the 
research in [38], respectively an intermediate, random variant of t = 478.8 seconds.

In order to have a comparative image of the temperature evolution inside the cylin-
drical lithium-ion battery, at different times of the charging process, t1 = 478.8 seconds and  
t2 = 1220 seconds, respectively, are considered. Figure 1(a) shows the simulation of the tem-
perature at t1 = 478.8 seconds, where it is observed that the maximum temperature in the center 
of the battery, which is in the active material, has a value of 312 K, while on the outside of it, 
the temperature reaches the minimum of 311 K. In fig. 1(b), at t2 = 1220 seconds, the simulation 
of the temperature inside the battery is presented, where it is observed that the maximum tem-
perature value in the center of the battery is 322 K (while the minimum temperature is 320 K).

Figure 1. Temperature distribution in the battery at;  
(a) t1 = 478.8 seconds and (b) t2 = 1220 seconds

In the next step, a battery array consisting of 3 cells linked in series with 7 cells linked 
in parallel (3S7P) is considered, thus forming a battery pack that will be subjected to this study. 
For the simulation of the thermal behavior of the battery pack 3S7P, the thermal conductivity, 
density, heat capacity and heat source in the battery are configured keeping the same values as 
in the case of thermal modelling of a cylindrical lithium-ion battery in the 2-D/3-D model, from 
the previous step [38, 39]. 

The 3S7P battery array features a straight stack/pack with series and parallel electrical 
links made of metal strips at the top and bottom, respectively, according to the 3S7P configura-
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tion. These metal bonds are included in the heat transfer model. The initial temperature of the 
battery is considered to be 298.15 K. 

Figure 2(a) shows the geometric structure of the battery pack to be modeled, and  
fig. 2(b), a tetrahedral lattice representation resulting from the addition and construction of a 
tetrahedral node specific to cylindrical lithium-ion batteries. Among the characteristic of this 
tetrahedral networks we can mention: mesh vertices – 12629 (value); tetrahedral – 29092 (val-
ue); prisms – 10620 (value), triangles – 17808 (value).

Figure 2. Geometric structure of the 3S7P battery pack;  
(a) geometry display and (b) geometry mesh

Figure 3 shows the simulation results re-
garding the thermal distribution of the 3S7P bat-
tery pack, at t = 523.62 seconds (0.14545 hours). 
The period taken for analysis is limited by the 
fact that the proposed system is designed to load 
and unload all the time. Or, either to discharge al-
most completely, after that, a charge. The thermal 
simulation does not aim to achieve a permanent 
regime of the temperature of the battery pack. It 
proposes to analyze its thermal behavior when a 
critical point is reached. Depending on the charge/
discharge rate, C, of the electricity stored in them, 
the temperature rises more slowly or increases 
very quickly, depending on this parameter. The 

higher the charge/discharge cycle, C, the higher the electricity consumption in the batteries; 
therefore, it discharges faster over time, and the temperature of the pack increases a lot. 

In the case of the proposed simulation, a charge/discharge rate of 5.5C was considered, 
where it is observed that in its center, the maximum temperature is 321 K, and towards the outer 
parts of the battery pack, the minimum temperature is 318 K (the temperature difference between 
the inner and outer parts of the battery pack is 4 K). At a first approximation, we can consider that 
the cells in the middle of the battery pack become vulnerable to their thermal packaging. These are 
the elements that require thermal optimization in operation, which can be achieved through forced 
cooling or natural air cooling, but which would imply an increase in the dimensions of the battery 
pack. Or a larger battery pack positioning space, which is provided with slits to direct air currents 
in the case of natural cooling, or forced air cooling devices such as fans. 

Figure 3. Thermal distribution in the  
3S7P battery pack
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Figure 4 shows the graph of the maxi-
mum and average temperatures of the battery 
pack at t = 523.62 seconds (0.14545 hours) and 
charge/discharge cycle 5.5C, where it is ob-
served that the initial temperature is 298.15 K  
(25 °C), the maximum temperature is 321.48 K  
(48.33 °C), and the average temperature is 
320.39 K (47.24 °C).

For use, the battery pack can be placed 
in a plastic container (housing) with the dimen-
sions: 150 mm long, 65 mm wide, 95 mm high, 
and 1.5 mm thick. A space of 1 mm has been 
provided between the cells of the battery ma-
trix, respectively cells and the casing to allow 
the internal circulation of air currents. The in-
side of the container is filled with air, and the 
battery cells are cooled by convection, but also 
by thermal radiation the outside of the case.

Figure 5 shows the thermal distribu-
tion simulation of the 3S7P battery pack, at  
t = 523.62 seconds (0.14545 hours), at a rate 
of 5.5C, which was inserted into the protective 
housing. It can be seen that under the same con-
ditions as the simulation in fig. 3, the maximum 
temperature increases by 1 K, reaching 321 K. 

Since the heat released by the cells of the 
battery pack is initially concentrated in the cen-
tral part of the pack, it is found that, with time, 
this heat is taken up by the other cells in the 
battery array. Moreover, the cells that are close 
to the casing radiate heat to the casing material. 
The dark spaces (blue on fig. 5) represent the air spaces between the cells, respectively, the 
cells, and the protective case. The temperature of these has a minimum value of 299 K. The 
simulated model obtained highlights the temperature distribution over the entire pack of bat-
teries that make up the block used to drive electric two-wheeled vehicles. The thermal analysis 
highlights the fact that stacking the batteries in compact blocks co-ordinates the temperature 
that has risen in the center of the created block. This temperature distribution indicates that the 
operating temperature of the batteries can be lowered if solutions to lower the temperature are 
identified in the middle of the created block. 

Due to the standard dimensions imposed by the use of battery packs specific to two-
wheeled electric vehicles, it is not possible to intervene in increasing the volume inside the case. 
In this context, the placement of the batteries in the case raises the operating temperature, which 
leads to limiting their performance. From the simulated models, solutions were identified to re-
duce the operating temperature through external forced cooling actions, which involved addition-
al energy consumption. From the simulations performed, it can be seen that, compared to the cells 
located towards the end of the package (3S7P), the cells positioned in its center are the most vul-
nerable to excess heat during the loading/discharging process. Thus, in the center of the package 

Figure 4. Battery pack temperature chart at 
charge/discharge cycles with the value of 5.5C

Figure 5. Thermal distribution of the 3S7P 
battery pack inserted into the protective case 
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results a temperature of 321 K results, while on its corners, the temperature reaches 318 K. When 
the battery pack is inserted into the protective case, all batteries become vulnerable, including 
those in the corners of the case. Already after a time of 0.14545 hours, their temperature reaches 
322 K. However, it is noted that there is also a minimum temperature of 299 K, which represents 
the temperature in the air space between the cells and cells and the protective case.

Conclusions

For the battery cells to operate at the prescribed temperatures, it is necessary to iden-
tify the optimal operating temperatures of the battery pack (cells), to reduced excess tempera-
tures, to prevent thermal evaporation, but also to ensure optimal charge/discharge cycles by 
balancing the charging voltage/current on each cell. It is also important to identify vulnerable 
cells, which, as observed from simulations, are found in the center of the battery pack, and to 
ensure a concentrated cooling process. Moreover, placing the batteries in closed protective 
housings causes the entire battery pack to overheat, as heat evacuation becomes very difficult. 
The simulations also result in a local heating of the protective case given by the batteries placed 
on its edge. This research aims to translate into an optimized physical model of battery pack 
used for the propulsion of electric 2-wheeled vehicles, which has a lower operating temperature 
than currently known models. Future research aims to validate the simulated models by devel-
oping an experimental stand that highlights the temperature distribution.

The COMSOL Multiphysics software offers capabilities for simulating and analyz-
ing thermal processes, particularly in modelling thermoelectric effects. This includes assessing 
permissible currents and the thermal stresses induced by nominal currents. In battery packs, 
thermal stresses arise from the electrocaloric effect caused by the current flow. Consequently, 
it is recommended to monitor these stresses through simulation and to compare the numerical 
results with the maximum allowable temperature to validate them. A thorough understanding 
of the battery pack’s design components and installation conditions allows for validated sim-
ulation results, facilitating the identification of practical solutions to optimize thermal losses.
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Nomenclature
A 	 – heat exchange area
Bi 	– the dimensionless number Biot 
C 	 – battery charge/discharge rate 
Cp 	 – specific heat capacity, [Jkg–1K–1]
h 	 – heat transfer coefficient, [Wm–2K–1]
k 	 – thermal material conductivity [Wm–1K–1]
kT,i 	– the thermal conductivities of the  

materials of which the battery layers  
are made, [Wm–1K–1]

ka 	 – thermal conductivity in the longitudinal 
direction, [Wm–1K–1]

kr 	 – thermal conductivity in the radial direction, 
[Wm–1K–1]

kr, ka, kz – thermal conductivities of the battery cell 
in the x-, y- and z-directions, respectively, 
[Wm–1K–1]

Lc 	 – characteristic length, [m]

Li 	 – the thicknesses of the different layers  
of the cell, [m]

Q̇ 	 – volumetric heat generation rate  
for the battery cell, [W]

r 	 – battery cell radius, [m]
T 	 – absolute temperature, [K]
Tamb– absolute temperature under ambient 

conditions, [K]
t 	 – time, [s]
Vi 	 – the volume of each component in the  

battery structure, [m3]

Greek symbol

ρ 	 – the density of the active material of  
the cell, [kgm–3]
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Abstract—This article presents a thermal analysis of fast 

electric fuses used for power electronic protection. By 
comparison of different quenching media to the quartz sand, 
there are presented recordings of voltage and current waveforms 
when the circuit breaks down due to the ultra-fast fuses with a 
rated current of 100 A. Considering the analogy between the 
electrical and thermal, similarly to the power semiconductors, it 
is analyzed the thermal condition in the fuses. The calculation of 
the fuse transient heating is done by OrCAD PSpice 9.0 software, 
where, given the analogy between the electric and thermal 
quantities, is simulated the fuse heating. In order to evaluate the 
thermal field in ultrafast fuses, the FLUX2D 7.40/6 simulation 
program was used. The thermal field variation along the whole 
fast fuse body and along the fuselink are presented and analyzed.  

Keywords—fast fuse; power electronic protection protection; 
fuselink; thermal model; simulations  

I.  INTRODUCTION  
The operating failure of many power semiconductor 

devices is due to the application of overvoltage. Even a short 
time of blocking voltages and inverse stresses can give a 
breakdown that may occur in insulator piercing or arcing-over. 
The new semiconductor devices have a high capability in 
normal conduction mode, but are quite sensitive to short and 
highly intensive overcurrents, due to their low thermal 
capacity. These may be degraded or destroyed by overloads in 
direct conduction. The level of the degradation depends on the 
value and duration of the applied pulse currents. Injecting into 
the device a direct conduction current of a high value (overload 
current) over one or many periods, may cause the power-
locking capability to be permanently affected.  

If the direct conduction current pulses (unpredictable 
overload) are not followed by reapplying the blocking voltage, 
a gradual degradation of the semiconductor device appears. It 
has to be specified that, after this overload, the device 
temporarily loses its locking capability, and also the capacity to 
respond to gate control, until the temperature of the 
semiconductor element drops below 1500C in thyristors.  

Thus, temperature is a physical parameter having a very 
important influence on the semiconductor power device 
operation: it influences the magnitude of the electrical 
characteristics of the device, it influences the way the 
mechanical or climatic stresses.  

Considering the thermal phenomena complexity for power 
semiconductors, it is difficult to study the heating processes in 
steady-state and transitory operating conditions, by using the 
traditional analytical models. The modeling concepts have their 
strength for different grades of complexity of the circuit. It is 
important to realize an efficient tradeoff between the necessary 
accuracy, required simulation speed and feasibility of 
parameter determination [1].  

Many articles are based on the thermal RC networks which 
use the PSpice software [2], [3]. Electro-thermal simulations 
using finite element method are considered in [4]. Combination 
with the conventional RC thermal network in order to obtain a 
compact model is presented in [5].  

Another study, [6] presents a new heatsink design and 
material process that allows porosity-free low cost heatsinks. A 
thermal resistance model was established in [7] in order to 
analyze the heat transfer in microchannel heatsinks. Thus, the 
major limitation of the stresses is a thermal limitation. In the 
transient regime or in the case of a variable load, the thermal 
circuit assumes/admits an equivalent circuit where every 
section of the diode-heatsink assembly is represented by its 
resistance and thermal capacity taking into account that in 
every section is accumulated a part of the heat released in the 
junction [8], [9]. 

Thermo-mechanical aspects of fuses used in power 
electronics are studied in [10] with microscopic analysis and 
FEM thermo-mechanical simulation estimating the temperature 
variation at the end hole of the fuse element. A method to 
select the fuse and MOSFET for a DC/DC converter is 
presented in [11], using the Joule-integral principle to estimate 
the energy associated with the fuse. Various fuse melting 
characteristics are considered to choose the suitable melting 
time by comparing them with the thermal characteristics of the 
circuit.  

In order to study the thermal energy during the fuse 
melting, data analysis methods, such as sampling, variance 
analyze and residual sum of squares analyze, are considered 
[12]. These methods provide the optimal equation to describe 
the relationship between time, fault current and the thermal 
energy into the fuse, both in DC and AC.   

In this article thermal aspects regarding the fast electric 
fuses are considered. In order to evaluate the thermal field in 

978-1-5386-5062-2/18/$31.00 ©2018 European Union

0910

10th International Conference and Exposition on Electrical and Power Engineering (EPE2018)



ultrafast fuses, the FLUX2D 7.40/6 simulation program was 
used. The thermal field variation along the whole fast fuse 
body and along the fuselink are presented and analyzed.   

II. ULTRAFAST FUSE CHARACTERISTICS  
The power semiconductors, such as diodes and thyristors, 

are protected against overcurrents by using ultrafast fuses 
connected in series with them.  

 

 

 

Fig. 1. Protection of diodes and thyristors with fast fuses. 

Fig. 2 presents the main construction of a fast electric fuse.  
The essential part is the ultrafast fusible, which is made of one 
or many conductive bands, which have in their structure small 
section areas in order to assure the fusion at certain accurate 
zone areas. The geometry of the system is very important, 
because it influences the qualities of the fuse and of the 
interrupted circuit element. 

The conductive bands are realized from copper, silver, or 
some alloys, having a good stability at acceptable temperatures 
and overloads. The use of aluminum has been tried too, but, 
from two important reasons, the aluminum is not very used: 
once, when the current is cut-off, there appears an exothermal 
reaction at aluminum burning, and second, under the influence 
of the electric arc high temperature, an important exothermal 
reaction occurs in the quartz sand environment.  

 

 

Fig. 2. Fast fuse construction. 

Using the metals which do not oxidize in depth is based on 
the fact that the current densities in the strangled sections are 
excessively high and, likewise, the temperatures are the same. 
When it is used the copper, very high temperature lead to its 
oxidation, accelerated section reduction and, therefore, to the 
melting of the fusible. Silver is also oxidized, but the thickness 
of the AgO layer is in the order of about 10-9 m, and the oxide 
which is formed will prevent a further oxidation of material. 
Thus, silver is the most used material for the ultra-fast fuses 
achievement.  

Considering that for the aluminum fusible bands, an 
exothermal reaction appears when the currents are cut-off, this 

aspect can be used in the production of silver plated aluminum 
fused bands on the outer surface, or a mix between copper and 
silver plated aluminum, by using a quenching medium, 
different from quartz sand, to have a maximum exothermal 
reaction.  

The fused bands are usually located in quartz sand with a 
specific granulation and with a homogeneous porosity in order 
to absorb the thermal energy and to assure insulation after the 
circuit cut-off. The main function of the quenching medium is 
to disconnect, as fast as possible, the electric arc which appears 
inside the fuse. Another, function is to convey the heat released 
inside the fuse and to protect the fuse, and mainly the oxidizing 
fuses, against the external elements and the electric ageing. 

It is evident that it is impossible in practice to assure these 
three requirements using the quartz sand and classic fill 
technologies. The quality of quartz sand must be in line with 
these demands. Thus, a good quartz sand must have in its 
composition, (from STAS 5923-76), more than 99% SiO2 and 
less than 0.5% Al2O3, 0.2% CaO, 0.03% Fe2O3, 0.04% T2O2. 

The action of the quenching medium is also in connection 
with the quantity of metallic vapours produced by the fusible 
metals. Thus, copper and silver fuses give a lower quantity of 
metallic vapours in the electric arc, which favors its quenching.  

Another important aspect is that the volume of the ceramic 
sleeve must be filled with a maximum quantity of sand. This 
can be assured by using an optimal grain size, i.e. choosing the 
correct ratio between the masses of the grains ranging: 0.1 and 
0.2 and 0.3, 0.3 and 0.4, 0.4 and 0.5 mm, so that the total mass 
should be maximal. Other arc quenching materials are chalk - 
CaCO3, ZnO, and silicon carbide - SiC.  

Further, by comparison to the quartz sand, there are 
presented voltage and current  waveform oscillograms, when it 
is used an ultra-fast fuses with a rated current of 100 A, [13], 
all fuses were tested under the same conditions at a current of 
500 A, Fig.3, Fig. 4, Fig. 5, Fig.6.  

 
Fig. 3. Quartz sand filler.  
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Fig. 4. CaCO3 filler.  

 
Fig. 5. ZnO filler.   

 
Fig. 6. SiC filler. 

At all these oscillograms have been recorded the 
waveforms of the arc voltage which is the upper waveform on 
the graph and the arc current which is the lower recorded 
waveform on the graph. The shapes are different in 
concordance with the test conditions applied - different type of 
fillers which cover the fuselinks.  

From the oscillograms, it results that in for the 
extinguishing medium of CaCO3 and ZnO, there appear very 
high overcurrents and overvoltages which would lead to the 
destruction of the semiconductor.  When the silicon carbide is 
used as filling material, it is observe that the fuse does not have 
the capacity to break the current at a proper time, which, 
finally, gives an improper protection of the semiconductors. 

Thus, as a result of these experimental researches it is to 
mention that the best quenching medium for the actual fuses is 
the quartz sand. In usual operating mode, the energy given by 
the Joule effect in the conducting bands is released to the 
exterior medium via conductors, filling material, connexions, 
and envelope.  

For a high amplitude overload, the fuse element stores more 
energy than it can release, which causes an internal temperature 
increase which will cause the fusion of the small section areas. 
The current-time and voltage–time diagrams, corresponding to 
the operation of an ultrafast fuse run by a short circuit current 
are presented in Fig. 7. The main characteristics of an ultra-fast 
fuse in alternating current are: 

• Un, the nominal voltage, i.e. the highest effective value 
of the voltage that can be applied between the fuse 
terminals; 

• In, the nominal current,  the highest effective sinusoidal 
current that the fuse can withstand indefinitely, without 
burning the fuse and without changing its 
characteristics, considering a natural cooling of the fuse;  

• tp, the pre-arc time, the time elapsed between the 
apparition of the short circuit (t=0) and the time when 
the electric arc appears into the fuse (t = tp); 
corresponding to this time, there is the pre-arc current 

integral, 2 2

0
( ) pt

p scI t i dt= � , which is a constant; 

During the pre-arc time, the fusible element passes from 
the solid state to the liquid state; 

• ta, arc–time, the time interval between the occurrence of 
the electric arc (t = tp) and the moment of its extinction 
(circuit breaking, t = tt); the arc current 

integral, 2 2( ) t

p

t

a sct
I t i dt= � , which is not a constant, and 

depends on the circuit parameters;  

• tt, the total time of power failure, the time between the 
moment of  the short-circuit appearance and the 
moment when the current was cut off, this being the 
sum of the pre-arc and arc times,  

 
 tt = tp+ta.  (1) 
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Fig. 7. Current – time and voltage – time diagrams for a fast fuse operating. 

 
• I2t, the total current of the fuse, is the sum of the pre-arc 

and arc current integrals: 

 2 2 2 2

0 0

t p t

p

t t t

sc sc sct
I t i dt i dt i dt= = +� � � . (2) 

This is an indication of the energy released in the replacing 
element over its lifetime. The electric fuses producers provide 
the variations of I2t in relation with the ratio of the effective 
value of the assumed fault current, Ip, to the effective value of 
the nominal current In, for an operation below the rated service 
voltage, Un, the parameter being the nominal current, In, [9-12]. 

• tp, pre-arc real time, depending on the effective value of  
the pre-arc current:  

 
dti

t
1pI pt

0
2
sc

p

2 �=
 (3) 

All of these allow checking the fuses in terms of the ability 
to withstand low amplitude overload currents [14], [15]. The 
temperature of the fuse links is influenced by their section. If 
these conductors are wrongly chosen, the fuse may be 
excessively loaded. Generally, the manufacturer’s 
specifications on the fuses inform on which conductors should 
be used for connections.  

In the case of Direct Current, the cutting-off of short-circuit 
current by using fuses is more difficult because [14], [16]: 

• The current integral, I2t, is approximately the same in 
direct and alternating current for the same short-circuit 
current value and for the same voltage, if the time 
constant of the circuit is lower than 20ms. At  higher 
time constants, I2t  in direct current is approximately 
equal to I2t of pre-arc, and it increases, approximately, 
by the square root of the time constant;  

• The limiting current in DC situation is lower than that in 
the AC case. It has the current magnitude order at the 
moment of arc initiation. The limiting current in DC is 
not superior to the one obtained in AC, excepting for 
very low time constants (under 1.5ms).   

In the case of AC and DC, respectively, the choice of the 
ultrafast fuse is assured depending on the effective current 
flowing through and the effective voltage that occurs at its 
terminals after its operation.   

III. TRANSIENT HEATING 
The estimation of the transient heating for the fuse is very 

important, in order to find the pre-arc times of specific imposed 
overcurrents, and to verify the temperatures reached on the 
fusible bands when the fuses must not work. The same is valid 
when the overload characteristic diagram is needed.  

Fig. 8 described the equivalent thermal scheme considering, 
in a simplified way, the fuse concentrated parameters. This 
equivalent thermal scheme is not quite proper to practical 
calculations because, the thermal resistances of the component 
elements cannot be calculated precisely and, moreover, the 
equivalent scheme is much simplified. At this diagram, the 
included symbols mean the thermal resistance Rth for different 
main components of the fuse (fuselinks, filler material, ceramic 
body) and the thermal capacities Cth of the same components of 
the fuse. This diagram can be used for thermal analysis during 
transient conditions of the fuse.  

 

Fig. 8. Equivalent thermal circuit of the fuse during transient regime. 

A better estimation may be done by using the OrCAD 
PSpice 9.0 software, where, given the analogy between the 
electric and thermal quantities, it can be simulated the fuse 
heating at different forms of power pulses, in a similar way to 
the power semiconductors. Thus, Fig. 9 presents a comparison 
between the temperature variation during transient conditions 
of the fast fuse fuselink temperature (T1 - upper waveform) 
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and the power diode semiconductor junction temperature (T2 - 
lower waveform). Because of thermal power pulses, which 
means actually the thermal load for power semiconductor diode 
in series with the fast fuse, there are temperature increases and 
decreases. After approximate 4...5 thermal constants of the 
analyzed system, the temperatures will reach steady-state 
conditions. 

 

 

Fig. 9. Comparison between temperatures variation during transient regime 
in the case of rectifier diode and its fast fuse. 

An example of a power rectifying deck has been 
considered, where the diodes have an average rectified current 
of 100A, each of them being protected by an ultrafast fuse of 
200A. The simulation of the thermal field was realized for an 
ultra-fast current fuse with 100A nominal current. The 
environment temperature was considered as constant at 200C. 
Due to the symmetry of the fuse, only half of the simulation 
was realized, the thermal field in the other half being identical, 
the axis of symmetry passing through the contacts, the 
envelope, and the fusible band.  

There are some steps necessary to the creation of the 
thermic spectrum for the fuse: 

• Designing the geometry of the ultrafast fuse; 

• Determining the mesh network, Which is important in 
calculating the thermal field by  FEM; 

• Establishing interdependencies with the electric circuit 
where the fuse is located;  

• Considering the border conditions; 

• Solving the electro-thermal type problem. 

The thermal field corresponding to the set in its entirety 
was found at the moment t = 26.04s, and the components were 
analyzed at the moment t = 28.75s, the next calculation step 
corresponding to a maximum temperature of 988oC of the 
fusible band, it being already cut-off, which renders this 
moment useless to the analysis, because the silver fuse melts at 
960oC.  

Fig. 10 shows the thermal field along the hole fast fuse 
body at t = 26.04 seconds.  

It results that the thermal field can be studied actually in 
any point inside the fuse, the thermal spectra confirming that 
the maximum values are obtained on the fusible band, while 
the lowest belong to the porcelain envelope. 

 
 
Fig. 10. Thermal field in whole fast fuse body at t = 26.04 seconds. 

 

 

Fig. 11. Thermal field along fuse-link at moment t = 28.75 seconds.  

 
 

 

Fig. 12. Temperature distribution along fuselink at moment t = 28.75 seconds.  

The temperature distribution along the fusible band, Fig. 
11, presents the influence of the isthmus on the thermal field, 
which evolves somewhat in stages, up to the maximum value, 
placed in the middle of the fusible band.  

0914



IV. CONCLUSIONS  
Temperature is a physical parameter having a very 

important influence on the semiconductor power device 
operation. By comparison to the quartz sand, there are 
presented voltage and current  waveform oscillograms, when it 
is used an ultra-fast fuses with a rated current of 100 A. As a 
result of these experimental researches it is to mention that the 
best quenching medium for the actual fuses is the quartz sand. 
The necessary steps to the creation of the thermic spectrum for 
the fuse. By the simulations, the thermal field can be studied in 
any point into the fuse, resulting that the maximum values are 
obtained on the fusible band, while the lowest belong to the 
porcelain envelope.  
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Abstract 
Background/Objectives: To design a new type of switched reluctance generator for low speed wind turbines which operate 
at low speed wind. Methods/Statistical Analysis: Structure and operation principle of the proposed switched reluctance 
machine are described. The generator-wind turbine is a direct-drive one and has two mobile parts which can be droved by 
two wind turbines in counter-rotary motion. A test bench was achieved and two types of experiments were realized: first, 
with a part of the generator fixed and the other in rotary motion, and second with the both parts in motion. Findings: Using 
the counter-rotary motion it results an important increasing of the output voltage of the generator for the same speed. The 
generator can be used both for the turbines with horizontal or vertical axle, with some advantages for the vertical axes 
case, especially in urban area, where safe operation of vertical axis wind turbines requires low rotational speeds to reduce 
noise, mechanical vibrations and proximity hazards. Applications/Improvements: The proposed direct-drive generator is 
more efficient than the classical structure with gears and the simple rotary motion. 

Switched Reluctance Generator for Low Speed Wind 
Turbines with Counter-Rotary Drive 

Costica Nituca1*, Dumitru Cuciureanu2 and Gabriel Chiriac1 
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1.  Introduction 
In nowadays context of energy crisis and consuming of 
the resources, the optimal utilization of the regenerative 
energy is a priority. The wind energy is one of the oppor-
tunities to have more clean energy with fewer drawbacks. 
Estimated wind capacity by the year of 2020 is expected 
to increased to about 1 260 000 MW, which will be about 
of 12% of the world’s electricity consumption1. There are 
three types of generator systems for wind turbines1. The 
first type is a fixed-speed wind turbine system using a 
multi-stage gearbox and a standard squirrel-cage induc-
tion generator. The second type (developed from 1990s) 
represents a variable speed wind turbine system with a 
multi-stage gearbox and a doubly fed induction genera-
tor, with a power electronic converter feeding the rotor 
winding. The third type is also a variable speed wind 
turbine, but with a direct-drive generator, usually a low-
speed high-torque synchronous generator. A power 
electronic converter for the full-rated power is necessary 

for the grid connection2-4. Usually, the conversion of the 
energy is realized by using the electric generators which 
are adapted to the parameters of the wind turbines. One 
solution is to use a step-up gear which increases the 
price, reduces the efficiency and needs maintenance. 
Heavy weight, large volume, noise, and vibrations are also 
significant drawbacks. 

Another solution is to use a direct-drive Switched 
Reluctance Generator (SRG). This machine is robust, 
easy to construct, reliable, and it needs low maintenance. 
The use of power electronics and a good control will 
reduce some drawbacks as torque, current and voltage 
ripples and, as a consequence, the SRG has great devel-
oping potential in the area of wind power generation5-7. 
Distortion in main grid can disturb the protection equip-
ments, being necessary supplementary tests and better 
protection to avoid interruption in power supply8,9. Some 
studies regard to produce the maximum output power at 
a given shaft speed for a SRG10. There is also interest in 
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harnessing wind power on-board of an electric vehicle 
using Switched Reluctance Generator (SRG) coupled to a 
wind turbine mounted on the vehicle11. Small-scale wind 
turbines are a solution for the energy consumption into 
the urban area and their modelling and analysis is a neces-
sary step for their implementation12. Different controlling 
methods are used for the wind turbine applications, as 
neural network controller13 or sliding mode control14. 

Moreover, safe operation of the Vertical Axis Wind 
Turbines (VAWT) in restricted urban spaces requires low 
rotational speeds to reduce noise, mechanical vibrations 
and proximity hazards15. The VAWT are better adapted 
to be installed nearby the residential and urban areas 
because they have lower start-up speed and low noise 
level. These are also appropriate to be installed in areas 
with strong winds and, as an important advantage, the 
VAWT are indifferent to wind direction16. 

In this paper a new type of switched reluctance 
generator for the variable low speed wind turbines with 
counter-rotary drive has been studied. It could be used 
for both vertical and horizontal axis wind turbines, in 
urban environments or in remote area without a grid 
connection. 

2.  The Wind Power 
The kinetic energy of the air flow is estimated by using 
the energy flux density, which is the quantity of the 
energy which crosses, in a constant and uniform way, 
a unit surface normal to the wind direction in a unit of 
time. The specific power of an air flux is given by the 
relation (1)17-20, where the density of the air could be con-
sidered as constant, the wind turbines being usually less 
then 100 m high: 

	 3

2
1

windair AP νρ= .� (1)

Where ρair = 1.225 kg/m3 is the air density, vwind is the speed 
of the wind and A is the swept area. 

For a surface of A = 1m2, the variation of the specific 
power for the air flux is drawn in Figure 1, resulting sig-
nificant values starting with a wind speed of about 8m/s. 
Therefore, the nominal speed of the large wind turbines is 
about 10÷15 m/s20. A duplication of the wind speed will 
give an increasing of 8 times for the power of the wind 
turbine, which is given by18,21,22: 

	 3

2
1

windairpturbine ACP νρ= .� (2)

where pC is the power coefficient. 
An efficient utilisation of the low speed wind can be 

obtained with two coaxial rotors with counter-rotary 
motion, which will give a double equivalent speed com-
paring with a single rotor system at the same dimensions. 
The solution is useful especially for low dimensions of 
the rotors (about two meters) and with speeds of about 
500…600 rot/min17. Figure 2 shows the variation of the 
specific power of air flow at low speed of the wind. For 
the wind turbines with one rotor it has values between 
0.61÷76.56 [W/m2] (curve 1), while, for the wind turbines 
with counter-rotary motion the power is double (curve 
2), 1.22÷153.12 [W/m2]. These values are relatively low, 
but, with an optimization of the system, these powers 
could be used for low or medium power applications. The 
efficiency of the wind energy conversion is estimated by 
using a power coefficient Cp. The Betz model17 is based 
on a tube of current with a constant area; for a wind tur-
bine this area is the surface corresponding to the blades 
motion. In reality this surface is not constant. The max-
imum power PmaxH given at the rotor of a wind turbine 
with horizontal axle is17: 
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Figure 1.  Specific power variation for the air flux. 

Figure 2.  Specific power variation at low speed.
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In this situation, for the wind turbines with horizontal 
axle the best are the slow wind turbines (with many blades, 
which are adapted for low speed winds, at 1…3 m/s), at 
which the maximum efficiency is for a tip speed ratio of 
λ = 1 and Cp = 0.3, that is for an energy intake of about 
50% from the Betz limit. This value corresponds for an 
optimal rotation speed: 

	
60

19wind windn
D D

n n
p

= ≈ � (11)

3. � Structure and Operation 
Principle of the Proposed 
Switched Reluctance Machine

3.1 � Structure of the Proposed Switched 
Reluctance Machine 

The construction of the proposed switched reluctance 
machine is presented in Figure 5. For this type of generator 

The power coefficient is: 

	 max
3

16 0.59.
27/ 2

H
p

air wind

P
C

Ar n
= = = � (4)

For a wind turbine with vertical axle the maximum 
power PmaxV and the power coefficient are17: 

	
4 3

3
max

1 4 5 ,
2 25V air windP Ar n= � (5)

	
4 34 5 0.53.
25pC = = � (6)

The values resulted from using the global methods are 
higher than the real values. In the aerodynamic theory, 
there are proposed mathematical models which study the 
dynamic equilibrium of the forces, with more appropriate 
values on the real ones. An example for the wind turbine 
with vertical axle is by using the method of the tube cur-
rents with a single coefficient of influence. This method 
offers a calculus for different values of the solidity17, 
s = 0,2; 0,3; 0,4; 0,5; 0,6 using the relations21: 

	 / ,rs NC R= � (7)

	 windrR νω=λ / ,� (8)

	
2/2

*

windair

M
n

n
aCv

F
F

ρ
= ,� (9)

	 3
windair

p aRv
PC

ρ
= .� (10)

where: N  -Number of the blades; rR - Rotor radius; 
w  -Angular speed of the rotor, M

nF - Maximum normal 
force relative to a rotating blade; 

*
nF -Maximum normal 

force on the blade; a - influencing coefficient. 
Considering the relations (7–10), in Figure 3 and 

Figure 4 are presented the force and the power coefficient. 
For this it was also considered the coefficient of lifting and 
the coefficient of resistance for the blade profile NACA 
001217. These theoretical methods are possible to apply 
while the constructive type of the wind turbine is corre-
sponding to the model. Thus, for an optimal use of the 
low speed wind it is necessary to identify the type of tur-
bine, the starting torque, the maximum power given by 
the wind and the optimum values of the speeds. For the 
wind turbines with vertical axle the best turbines are the 
ones with fixed blades and with oscillating blades17. 

Figure 3.  Maximum normal force on blade related to the 
tip speed ratio. 

Figure 4.  Power coefficient depending on the tip speed 
ratio. 
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This type of construction could have a small size 
(2 m diameter and 3 ÷ 4 m vertical axis) so they could 
be used on a special wind turbines in urban area on the 
rooftop of buildings, as discussed in23. 

3.2 � The Operation Phases of the Switched 
Reluctance Generator 

The main operation phases of the switched reluctance 
generator are presented in Figure 6. On the odd teeth 
1, 3, 5 are realized the D.C. operating windings. The 
odd teeth, 1, 5, 9, 13 (defined by the relation 1 + 4n, 
n = 1...30), have operating windings which generate a 
positive excitation flux, while the odd teeth 3, 7, 11, 15, 

we will use the expressions “the function of inductor” and 
“the function of armature” and not the terms inductor and 
armature, because the both parts, the inductor and the 
armature, are in the same mechanical structure. This type of 
generator is proposed for operating at low speed because of 
some advantages as: simple construction, with the possibil-
ity to operate in counter-rotary regime; it is eliminated the 
kinematical chain because the turbine is directly connected 
to the axle of the turbine, so the energy loss are reduced; the 
generator is simple to adapt to the wind turbine operation 
both on constant or variable speed; there are no permanent 
magnets, so the costs are lower; the generator can operate 
in single-phase, three-phase or multi-phase construction. 

The generator can be used both for the turbines with 
horizontal or vertical axle, with some advantages for the 
vertical axes case, especially in urban area, where safe oper-
ation of vertical axis wind turbines requires low rotational 
speeds to reduce noise, mechanical vibrations and proxim-
ity hazards. Also, they are well suited to such environments 
due to their inherent axisymmetric design15. 

According to the Figure 5, the magnetic circuit with 
function of inductor and armature (I1), is built from sheet 
iron, fitted with teeth and notches which are uniformly 
distributed along the magnetic circuit, into a disc shape. 
Ahead of this circuit there is another disc magnetic circuit 
(I2), made up from a succession of elementary magnetic 
circuit with the same tooth pitch as the magnetic circuit 
(I1). These two parts, (I1) and (I2), can be droved in coun-
ter-rotary motion by two wind turbines (E1) and (E2), with 
vertical or horizontal axle. In the case of the horizontal 
axle, the counter-rotary motion is assured by a system of 
two counter-rotary co-axial turbines, while, for the verti-
cal axle shown in Figure 5, the counter-rotary motion is 
assured by using two rotary turbines (E1) and (E2) with an 
appropriate orientation of the blades (P1) and (P2), so that, 
regardless the direction and the speed of the wind, the 
two turbines will have a counter-rotary motion. 

Figure 5.  Schema of the proposal switched reluctance 
generator. 

(a)

(b)

(c)

Figure 6.  The main operation phases of the switched 
reluctance generator.
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The proposal generator has a large number of poles, 
both as inductors and as armatures but of small size. This 
allows to put in series many induced windings and so the 
resulted voltage will have significant values even for low 
speed variation of the inductor flux. The efficiency of the 
machine depends on the ratio between the maximum and 
minimum reluctance. 

4.  Experimental Data 
Two types of experiments were realised. First experiment 
was realized with a part of the generator (I1) fixed and 
the other part (I2) in rotary motion, droved by an electric 
motor M2 (the K2 switch is closed) shown in Figure 7. 
A second experiment was realized with the both parts of 
the generator in motion (both K1 and K2 are closed). The 
two motors are permanent magnet motors (24 V, 120 W, 
150 rpm) and they drive the (I1) and (I2) in counter-rotary 
motion, which simulates the rotation of the two wind tur-
bines (E1) and (E2). 

The air gap is of 4 mm and the diameter of the genera-
tor is 1 m. For both experiments the generator was droved 
with speeds corresponding to the wind speed of 0.5…4 
m/s, respectively 9.5…76 rot/min. In order to start from 
a low speed, the inductor windings are supplied from a 
D.C. source with an excitation voltage of Uexc = 10.5÷29.4 
V, and an excitation current of Iexc = 0.5÷1.5 A. The gen-
erator will deliver power to a resistive circuit with a value 
of Rs = 2Ω. Figure 8.a presents the load diagram of the 
generator Ugen = f(Iexc) for the first experiment, with (I1) 
fixed and (I2) in rotary motion for speeds between 9.5 
rot/min to 76 rot/min. It is noted that as the excitation 
current increases between Iexc = 0.5÷1.5 A, the voltage 

(defined by the relation 3+4n, n = 1...30), have operating 
windings which generate a backward (negative) excita-
tion flux, from the tooth to the yoke of the machine. All 
these odd teeth are actually field poles with small size and 
they have the function of an inductor. Between these teeth 
there are the even dental/teeth 2, 4, 6, 8 etc with windings 
that have function of armature windings. It is to observe 
that between the magnetic circuit with teeth and notch 
(at a distance δ - air gap of the generator), there are some 
armatures for the inductor flux closing (denoted AI and 
arranged on a disk). The length of such an armature is 
la = τd +ld, where τd is the tooth pitch, and ld is the width of 
a tooth. In Figure 6.a. the closing armature AI is exactly 
in front of two teeth, 1 and 2, and of a notch. The positive 
flux (+Φe) created by the pole no. 1 closes by the tooth 1, 
air gap, the armature AI, air gap, the tooth no. 2 with the 
role of armature, by joke and again the tooth no. 1. The 
total air gap is minimum, that is 2δ, and the flux will be 
maximum, because the reluctance is minimum. 

In Figure 6.b. the closing armature AI is moved a half 
of a tooth pitch, the edges of the armature being in front 
of the sideways of the teeth 1 and 3, and its middle being 
in front of the tooth no. 2, which has a role of armature. 
Along of a flux line it will be two air gaps and a quar-
ter of circle at the right edge of the armature AI. The flux 
in tooth no. 1 is decreasing at (+Φmin) and will cross the 
tooth no. 2. At the same time, the pole on the tooth no. 3 
will also generate a minimum flux (–Φmin), but in opposite 
direction (–Φe), which will cross the tooth no. 2 in oppo-
site direction and will cancel the effect of the flux (+Φmin). 
Thus, in this position of the armature, in the tooth no.2 
the total flux will be zero. Continuing its movement, the 
armature AI will be in front of the teeth 2 and 3. Through 
the tooth no. 3 will cross a maximum flux, but with an 
opposite sign, –Φmax and a positive flux + Φmax, which 
will also cross through the tooth no.2. As a consequence, 
it will be cross by the difference between the two fluxes 
(–Φmax + Φmin). During a variation cycle, the armature coil 
on the tooth no. 2 will be crossed alternatively by the flux 
variation given by (+Φmax–Φmin > 0) and (–Φmax+Φmin < 0). 
To estimate the variation space of this flux at the new type 
of generator, let us consider the space which has to be 
crossed in a complete variation period Spvc. For this it can 
be written the relations: 

	 ppvcS t2= , but dp tt 2= , and it results, 
ddpvcS tt 422 =⋅= , � (12)

where τp is pole pitch. Figure 7.  The schema of the experimental bench. 
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for v•	 wind = 3 m/s, n = 57 rot/min, Iexc = 1.5 A, it results 
UgenI = 47.8, UgenII = 66.4V, so UgenI < UgenII ;
for v•	 wind = 4 m/s, n = 76 rot/min, Iexc = 1.5 A, it results 
UgenI = 57.26V, UgenII = 82.45V, so UgenI < UgenII ;
U•	 genI is the voltage at the terminals of the generator for 
the first experiment; 
U•	 genII is the voltage at the terminals of the generator for 
the second experiment. 

The experimental tests have been performed using a 
digital oscilloscope type LeCroy Wave Surf 400 with four 
channels. On the Channel 1 was measured the current of 
the generator on a resistive load with Rs=2Ω, by a Hall 
transducer LA55-P (with a ratio of 50A/50 mA). The wave-
form has been recorded with a measurement resistance of 
100Ω, resulting a new ratio of 50A/5V. The output voltage 
at the terminals of the generator was measured by a volt-
age Hall transducer with a ratio of k = 500 (on Channel 
2). Figure 9 presents four oscillograms with waveforms 
for voltage and current at different speeds of the induced 
circuit (I2). For these tests the voltage and the current had 
the values Uexc = 10.5V, Iexc = 0.5A. Figure 9.a. presents the 

at the terminals of the generator is also increasing to a 
maximum value corresponding to the saturation process 
of the magnetic circuit. The voltage is increasing also with 
the speed, having a minimum value of Ugen = 2.12V for an 
initial current of Iexc = 0.5 A and for a speed of 0.5 m/s (9.5 
rot/min) and reaching a maximum value of Ugen = 57.26 V 
for Iexc = 1.5 A and for a speed of 4 m/s (76 rot/min). For 
an excitation current of 0.5 A and for the others speeds 
(from 1 m/s to 4 m/s) the voltage has narrow values of 
about 9.78…13.2 V. 

Figure 8.b presents the load diagram of the generator 
Ugen = f(Iexc) for the second experiment, with (I1) fixed and 
(I2) in counter-rotary motion for the same speeds, between 
9.5 rot/min to 76 rot/min. It is noted that for Iexc = 1.5A, the 
voltages at the terminals of the generator are higher than 
in the first experiment (considering the same speeds): 

for v•	 wind = 0.5 m/s, n = 9.5rot/min, Iexc = 1.5 A, it results 
UgenI = 20.91 V, UgenII = 30.31 V, so UgenI < UgenII ;
for v•	 wind = 1 m/s, n = 19 rot/min, Iexc = 1.5 A, it results 
UgenI = 39.08V, UgenII = 55.49V, so UgenI < UgenII ;
for v•	 wind = 2 m/s, n = 38 rot/min, Iexc = 1.5 A, it results 
UgenI = 43.6 V, UgenII = 60.6 V, so UgenI < UgenII ;

Figure 8.  (a) Ugen = f(Iexc) characteristics for the simple 
rotary motion (b) Ugen = f(Iexc) characteristics for the 
counter-rotary motion.

(a)

(b)

Figure 9.  (a) Waveforms for a speed of 1 m/s. (b) 
Waveforms for a speed of 2 m/s. (c) Waveforms for a speed 
of 4 m/s.

(a)

(b)

(c)
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M
nF 	 - �The maximum relative normal force on the blade 

for a rotation; 
d 	 - The air gap of the generator; 

al 	 - �The length of a simple magnetic circuit for flux 
closing; 

dt 	 - The tooth pitch; 
pt 	 - The pole pitch; 

dl 	 - The width of a tooth; 
cl 	 - The width of a notch; 

pvcS 	- �The space of complete variation of the induced 
flux; 

U	 - The terminal voltage; 
I	 - The phase current; 
R 	 - The phase resistance; 
Φ	 - The flux linkage; 

genP 	- The power of the generator; 
excu 	- Voltage supply on the inductive windings; 

exci 	 - The current in the inductive windings; 
genu 	- The output voltage of the generator; 

geni 	- The current on the terminals of the generator; 
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1.  Introduction

Different pantographs are currently used in train vehicles 
around the world. With the exception of the Shinkansen 
500 series telescopic pantograph, all high-speed railway 
pantographs are of the two-stage type1. The main 
characteristic of a pantograph is to assure a good current 
collecting, without interruptions of the current regardless 
of the height of the pantograph. For this, it is necessary 
for the pantograph to have a contact plan irrespective of 
the movement of the mechanical articulated system, a 
small inertia, a good lateral and transversal stability, to 
obtain in static and dynamic regime a contact pressure 
irrespective of the string height, and have a low sensibility 
at the aerodynamics effects. More of this, the pantograph 
needs to have a crosshead slipper with an adequate shape 
and way of suspension for the contact characteristics. Its 
shape, size and fixation depend on the characteristics of 
the electric current, on the geometrical characteristics of 
the contact line2 especially on the catenary irregularities 

which may cause serious fluctuation of contact force, 
even leading to the pantograph coming off the catenary3. 

In the general nonlinear model, the pantograph 
model is represented in terms of the following kinematic 
linkages: a lower frame arm, an upper frame arm and a 
head link. The entire mechanism is raised by a torque 
applied to a link of the arm. A frame suspension model 
provides an uplift force to the pantograph. The input force 
is assured by a suspension, usually a resort or pneumatic 
system (actuator) which acts horizontally, applying a 
torque to the lower arm. This input force may vary in 
time and has to overcome the weight of the mechanism 
but also must provide the uplift force against the wire4. In 
some cases there are used only dampers (resorts) to assure 
the uplift force, as for the pantograph for the Korean high 
speed train5. The model of the pantograph can be realized 
with two masses6 with accent on the active control of the 
pantograph but also a model in three dimensions with the 
advantages to consider many hypothesizes7. 

Low contact forces may lead to loss of contact, 
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resulting in electric arcing and power interruptions. On 
the other hand, too large contact forces may cause rapid 
wear of the carbon skates. Moreover, the pantograph may 
exhibit unexpected motions even when the contact-force 
variation is kept within a reasonable range. Thus, vertical 
dynamics of the carbon-strip suspension is also studied 
with an aim of improving the reliability and safety of 
running trains8. The variation on the head suspension 
resort stiffness reflects factors related to operation 
conditions, maintenance and material degradation. 
The variation on the lower damper of the pantograph 
represents factors related to usage in service, degradation 
and lack of maintenance9. 

The pneumatic actuator is working typically at 3.5-
4.5 barr and in order to obtain a constant transmission 
ratio from air pressure to static force between sliding 
surfaces, the geometry of coupling between the actuator 
and pantograph is optimized10. To improve the dynamical 
response of the pantograph are used different solutions 
according to the position of the active suspension stage 
of the pantograph: a) active suspension system between 
sliding bows and mobile frame and b) active actuator on 
the mobile frame, with a passive suspension system placed 
under sliding bows. The layout b is preferred usually 
because their shape has less effect on the aerodynamic 
behavior of the pantograph10, has lesser limitation 
concerning shape, weight and is better protected from the 
harsh environmental conditions. 

There are also studies regarding unconventional 
methods to supply the electric traction vehicles11. All 
these studies have to be considered having into attention 
the environmental friendly aspects of the different types 
of transportation systems, considering the large efforts to 
improve the quality of the emissions and to reduce the 
pollution over the medium12. 

With these considerations it is useful to study the 
resort/damper position according to the frame of the 
pantograph, in order to estimate the pantograph dynamics 
and forces. 

2.  �Estimation of the Lifting Force of the 
Pantograph 

First it is to estimate the vertical force F developed due to 
the resort R of the pantograph over the contact line CL 
depending on the high of the pantograph. To simplify, the 
pantograph is considered as a bar T with the weight G, 
length l, and jointed in the point O (Figure 1). In the point 

O2 the bar is linked to the upper arm of the pantograph 
(Figure 2). The resort R with a length of lR = a + (b + x) + 
c drives the bar, where x is a variable. It is considered that 
there is no friction into the joints of the pantograph. The 
pantograph will have a vertical motion vv. (Figure 1)
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Figure 1.    Kinematics of the asymmetrical pantograph.

Figure 2.    Simplified physical representation of the 
asymmetrical pantograph.

The torque due to the force G related to the point O is: 

g
lM G cos
2

a= 					           (1)

The torque Mr related to the point O due to the 
resort can be estimated starting from the force Fr given 
by the resort, composed from horizontal and vertical 
components, r ro rvF F F= + :  

r ro rvM F rsin F r cosa a= - 				        (2)

where OO1 = r.  
Considering Fro xrro FF βsin=  and Frv xrrv FF βcos=  and 

replacing into the equation (2) it results: 

( )
r r x r x
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b a b a

b a b a

= -

= -
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2 2

2 1
1
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b b

a

=
+
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+

Replacing into equation (3): 
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( )

2 2

2r r
11

r sin rsinM F r sin 1 cos
k xk x

a a
a a

é ù
ê ú= - -ê ú++ê úë û 		        (4)

and

( )
( )2 2 2

r r 1
1

1M F rsin k x r sin r cos
k x

a a aé ù= + - -ê úë û+

	       (5)

In the triangle O1O3O4
 

( ) ( )2 22 2
1k x r sin r cos Aa a+ = + +  		        (6)

and
2 2 2 2 2

1x r sin r cos 2Ar cos A ka a a= + + + -
,	    (7)

or
2 2

1x A r 2Ar cos ka= + + - .			      (8)

Replacing the value (k1+x) into (5)  it results the 
intermediate relation: 

( )22 2 2 2
r r

0

1M F rsin r sin r cos A r sin r cos
k x

a a a a aé ù= + + - -ê úë û+

Finally:

r
r

0

F rAsinM
k x

a
=

+

					        (9)

The force of the resort is given by a relation as:

r 0F k x= 						        (10)

where k0 is a constant of the resort and x is the 
elongation of the resort. Thus: 

0r
r

1 1

k xArsinF rAsinM
k x k x

aa
= =

+ + 				       (11)

Replacing the value of x in (8): 

( )
( )

( )

2 2
0 1

r 2 2
1 1

2 2
0 1

2 2

k Arsin A r 2Ar cos k
M

k A r 2Ar cos k

k Arsin A r 2Ar cos k

A r 2Ar cos

a a

a

a a

a

+ + -
=

+ + + -

+ + -
=

+ +

 		     (12)

Considering by notation mrA =+ 22  and 2rA=n it 
results:

( )0 1
r

1
0

k Arsin m ncos k
M

m ncos
kk Arsin 1

m ncos

a a

a

a
a

+ -
=

+
æ ö÷ç= - ÷ç ÷çè ø+

			      (13)

Summing the torques Mr and Mg: 

R r g 0

1

M M M k Arsin

k l1 G cos
m ncos 2

a

a
a

= + =

æ ö÷ç - -÷ç ÷çè ø+

			      (14)

The force due to the torque MR into the point O3 
(Figure 3): 

R 0 1M k Arsin k GF 1
l cos l cos m ncos 2

a
a a a

æ ö÷ç= = - -÷ç ÷çè ø+ 		     (15)

Replacing 0k Ar
l

 with k2 it results: 

1
2

1 k GF k sin 1
cos m ncos 2

a
a a

é ù
ê ú= - -
ê ú+ë û

			      (16)

or

1
2

k GF k tg 1
m ncos 2

a
a

é ù
ê ú= - -
ê ú+ë û 				       (17)

3.  �Resort Position for the 
Pantograph Drive System

The equation (17) shows the link between the force F of 
the pantograph acting on the contact line and the angle 
α, and the link between the force F and the height of the 
pantograph skate lh  because of the relation:

lh lsina= 					       (18)

The equation (17) has three elements:
1 2

2
k k tg G1.) k tg ; 2.) ; 3.) .

m ncos 2
a

a
a+ 			    

(19)

where: 

( )

2 2 0
2 3

2
0 3 0

4 5

k Arm A r n 2Ar;k ;k
l

k rk k rA a b ;k ;k
l l

= + = =

= - + = =

		   (20)

For a variation of the angle α = 0…900, the first and 
the second expressions vary in different ways, that is the 
vertical force F is not constant and depend on the high of 
the skate. Thus, it is not possible to have a perfect constant 
force by using a resort. 

Thus, it is important to know which the best options 
to obtain a constant force are. In this situation, it is 
important to analyze the modalities to attach the resort 
on the bar of the pantograph related to a fixed point. 
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4.  �Possibilities for the Resort 
Drive System Attachment 

In this chapter there are presented some solutions for the 
resort position which is attached between the pantograph 
bar and a fixed point. There are also presented the 
equations accordingly to every solution. The pantograph 
is considered as a simplified system with a bar supported 
by the roof of the locomotive and used to collect energy 
from the contact line. With the above conditions, it results 
different situations to attach the resort and the bar and we 
consider for the analysis 12 cases. 

In the first case, in extension of the bar T, in the point 
O1, there is a pull bar on length r. One of the resort ends 
is jointed in the point O1, and the other end is fixed in 
the point O4, at the distance A, in the same plane with 
the inferior arm r, which is, in the same time, the support 
and the joint point O of the bar of the pantograph. 
Considering the movement direction of the train (the 
direction of the speed of the vehicle V), we consider that 
the resort is placed “in front” of the pantograph.

In the second case, the pull bar r is in the same position 
as the in the first case, but the support and the joint point 
of the pantograph bar is the point O1, in the extension 
of the bar T with the bar r. The resort is “behind” the 
pantograph. 
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Vv 

Figure 3.    (a) 1st case: the resort is placed “in front” of the 
pantograph,   (b) 2nd case: the resort is placed “behind” of 
the pantograph.

Considering the Figures 3(a) and 3(b):

1st case: 1 2
2

k k GF k tg tg
m ncos 2

a a
a

= - -
+  	  

(21)

2nd case: 1 2
2

k k 1 rF k tg tg G g
m ncos 2 l

a a
a

æ ö÷ç= - - - ÷÷çè ø+
	  

(22) 

 

a+b+x 

F 

α 

A 

G 

r 

Fr 

g 

V 

O 

O1 
O4 

Vv 

a+b+x Fr 

F 

α 

A 

G 

r g 

V 

O 

O1 

O4 

T 

Vv 

Figure 4.    (a) 3rd case: the resort is horizontal and 
“in front” of the pantograph. (b) 4th case: the resort is 
horizontal and “behind” of the pantograph.

In the 3rd case the pull bar r is in the same position 
as in the first case, but the resort is jointed in horizontal 
plane “in front” of the pantograph. One of its ends is on 
the point O1 and the other in the point O4, at the distance 
A. In the 4th case the pull bar r is as in the second case, but 
the resort is horizontal and “behind” the pantograph, at 
the distance A from the support in O1. Considering the 
Figures 4(a) and 4(b):

3rd case: 4 5
GF k tg k sin
2

a a= + -
			 

(23) 

4th case: 4 5
1 rF k tg k sin G g
2 l

a a æ ö÷ç= + - - ÷÷çè ø
		   

(24)

Figure 5.    (a) 5th case: the pull bar r is “in front” and above of 
the pantograph, at an angle γ, (b) 6th case:  the pull bar r is “in 
front” and below of the pantograph, at an angle γ. 

In case 5 the pull bar r is rigid fixed on the inferior 
part of the bar T, in the point O1 (a joint point for the bar 
T) “in front” of the pantograph at an angle γ (which is 
considered as constant) from the normal position of the 
pantograph (Figure 5(a)). At the other end of the bar r, in 
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point O, is fixed an end of the resort R. The other end of 
the resort is fixed in point O4. 

In case 6 (Figure 5(b)) the pull bar r is in extension of 
the bar T, but at the angle γ. The resort has an end in the 
point O and the other in O4, in the same plane with the 
point O1. 

5thcase ( )

( ) ( )

1 2
2

sin k kF k
cos m ncos

sin cos1 g rG
cos 2 2 l cos

a g
a a

a g a g
a a

+
= -

+
+ +

- -
		    

(25)

6th case: ( )

( ) ( )

1 2
2

sin k kF k
cos m ncos

sin cos1 g rG
cos 2 2 l cos

a g
a a

a g a g
a a

+
= -

+
+ +

- +
		   

(26)
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Figure 6.    (a) 7th case: the pull bar is “in front” of the 
pantograph, at an angle γ, with horizontal resort, (b) 8th 
case:  the pull bar is “behind” of the pantograph, at an 
angle γ, with horizontal resort. 

In case 7 (Figure 6(a)) the bar r is as in the case 5, 
but the resort is horizontally placed “in front” of the 
pantograph between the point O and O4, at a distance a 
+ b + x. 

In case 8 (Figure 6(b)) the bar r is as in the case 6, but 
the resort is horizontally placed “below” the pantograph, 
between the point O and O4, at a distance a + b + x.

7th case 
( ) ( )

( )
( )

4 5
sin sin

F k k
cos cos

cos1 rcos G g
2 2l cos

a g a g
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a

+ +
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+
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(27)

8th case ( ) ( )

( )
( )

4 5
sin cos

F k k
cos cos

cos1 1 grsin G
2 2 l cos

a g a g
a a

a g
a g

a

+ +
= +

+
+ - +

		    
(28)

In case 9 the bar r is fixed in the point O1, “behind” the 
pantograph and at the angle g from the normal position 
of the pantograph, as seen in Figure 7(a). In the point O 
is fixed one of the ends of the resort and the other is fixed 
in point O4, “in front” of the pantograph, at distance A. 

Figure 7.    (a) 9th case: the pull bar is “behind” and above 
of the pantograph point O1, at an angle γ, (b) 10th case: the 
pull bar is “in front” and below of the pantograph point O1, 
at an angle γ 

In case 10 (Figure 7(b)) the bar r is place in extension 
of the bar T “in front” of the pantograph at the angle 
g. The resort is fixed between the points O, below the 
pantograph, and the point O4, in the same horizontal with 
the point O1. 

case 9: ( )
( )

( ) ( )

1 2
2

sin k kF k
cos m ncos

sin cos1 rG g
cos 2 l cos

a g
a a g

a g a g
a a

-
= -

+ -

é ù- -
ê ú- +
ê úë û

		     
(29)

case:10. ( )
( )

( ) ( )

1 2
2

sin k kF k
cos m ncos

sin cos1 rG g
cos 2 l cos

a g
a a g

a g a g
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-
= -

+ -

é ù- -
ê ú- -
ê úë û

	    
(30) 

Figure 8.    (a) 11th case: the pull bar is “behind” of the 
pantograph, at angle γ, with horizontal resort, (b) 12th 
case:  the pull bar is “in front” of the pantograph, at angle 
γ with horizontal resort. 
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In case 11 (Figure 8(a)), the bar is placed as in the case 
9, and the resort is placed horizontally “in front” of the 
pantograph. In case 12 (Figure 8(b)) the bar is placed as in 
the case 10 and the resort is placed horizontally “below” 
the pantograph.
case:11 ( ) ( )

( )
( )

4 5
sin sin

F k k
cos cos

cos1 g rcos G
2 2 l cos

a g a g
a a

a g
a g

a

- -
= +

-
- - -

		     
(31)

Case:12 
( ) ( )

( )
( )

4 5
sin sin

F k k
cos cos

cos1 g rcos G
2 2 l cos

a g a g
a a

a g
a g

a

- -
= +

-
- - +

		    
(32)

5.  Simulations and Results

For the simulations there are considered the data13: l=0.510 
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Figure 9.    Simulations for the vertical force in cases 1-12. 
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m; G=5.550 kg; a=0.01 m; b=0.255 m; c=0.01 m; x=0.225 
m; α=600; γ=50; r=0.55 m; A=1.650 m; k0=50Ns/m; 
g=0.550 kg. The results of the simulations are presented 
in Figure 9 and Table 1. 

The pantograph has a movement close to a sinusoid. 
To avoid large amplitudes and the detachments from the 
contact wire, the pantograph has to assure the maximum 
and minimum amplitude of the sinusoid. These values 
depend on the position of the pull bar and of the resort 
drive system. Analyzing the simulations in Figure 9 and 
the values in table 1, we can conclude:

a. The forces have positive values, except the case 5 
and the case 6

b. There are three groups according to the variation 
of the force: 
•	 Large variation of the force, with the cases 3rd 

(64.79N), 4th (64.8N), 7th (56.92N), 8th (56.92N), 
11th (57N) and 12th (56.84N); these cases cannot be 
considered because the variation of the force is to 
large, which gives a delayed reaction time for the 
pantograph in order to follow the trajectory of the 
contact wire; 

•	 Medium variation of the force, with the cases 1st 
(20.3N) and 2nd (20.31N). These cases could be 
considered for the pantograph system drive, because 
the reaction time is lower and the skate of the 
pantograph can easily follow the trajectory of the 
contact wire; and

•	 Small variation of the force, with the cases 9th 
(10.66N), 10th (10.66N), 5th (-10.68N) and 6th (-10.7N). 
In these situations there are two cases with positive 
values and two with negative values. In practice, this 
can be realized by replacing the expansion resort 
with a compression one, with the same mechanical 
parameters. In these cases the reaction times are low 
assuring a good contact between the skate and the 
contact wire. These solutions are to be recommended 
for the pantograph drive system. 

c. The medium value for the maximum forces 
considering all the twelve cases is 99.42 N, while the 
medium value for the minimum forces is 66.27 N.

6.  Test bench Experiments

A practical analysis is made considering the force variation 
on lifting and descending of the pantograph. From the 12 
cases presented above we consider two cases, the 4th case 
and the 9th case, because they have the resort horizontal 
and “behind” the pantograph, at the distance A from the 
support in O1 (case 4), and the bar r is fixed “behind” the 
pantograph and at the angle γ from the normal position 
of the pantograph, but in the point O is fixed one of the 
ends of the resort and the other is fixed in point O4, “in 
front” of the pantograph, at distance A (case 9). 

For these two extreme situations there are determined 
the static characteristic F  =f(α) of the pantograph for 
lifting and descending, considering a bench stand as in 
Figure 10. An asymmetrical pantograph (1) at a scale of 
¼ as regarding a real system. The pantograph has two 
graphite skates (2) and the classical mechanical lifting 
(resort) system (3) used for the main lifting force. The 
pull bar r could be placed in different positions, (4) and 
(5), “in front” and “behind” of the pantograph in order to 
analyze the considered positions. 

The pantograph model has a low inertia, a good lateral 
stability, a constant contact pressure for a specific high 
and a low wear of the graphite skate.  

 
1 

2 

3 

4 

5 

Figure 10.    The asymmetrical pantograph used for the 
experimental tests.

Figure 11 presents the static characteristics F  =f(α) 
for the 4th case. The experimental characteristic has a 
maximum of 145 N for lifting and 144 N for descending, 

Table 1.    Contact force values
F1 

[N]
F2 

[N]
F3 

[N]
F4 

[N]
F5 

[N]
F6 

[N]
F7 

[N]
F8 

[N]
F9 

[N]
F10 

[N]
F11 

[N]
F12 

[N]
Minimum values 97.8 98.09 78.11 78.4 -77.57 -77.4 40.35 40.52 63.06 63.23 40.28 40.45
Maximum values 118.1 118.4 142.9 143.2 -66.89 -66.7 97.27 97.44 73.72 73.89 97.28 97.29
Force variation 20.3 20.31 64.79 64.8 -10.68 -10.7 56.92 56.92 10.66 10.66 57.0 56.84
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while the minimum values are 76 N for lifting and 74 N for 
descending. It is to observe the difference of 2 N between 
the lifting force and descending force. Comparing with 
the simulations for the 4th case, the difference is about 1.8 
N for the maximum force and 4.4 N for the minimum 
force.
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Figure 11.    The static characteristic F =f(α) for the 4th case.
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Figure 12.    The static characteristic F =f(α) for the 9th case.

Figure 12 presents the static characteristics F  =f(α) 
for the 9th case. The experimental characteristic has a 
maximum of 78 N for lifting and 77 N for descending, 
while the minimum values are 60 N for lifting and 59.5 
N for descending. The difference between the lifting force 
and descending force is maximum 1N. Comparing with 
the simulations, the difference is about 4.28 N for the 
maximum force and 3.56 N for the minimum force.  

It is to say that these analyses can be used to identify 
the optimal position of the pull bar from the main axle of 
the pantograph, in order to find the optimal work area of 
the pantograph, with small variation of the contact force 
and with a better contact between the pantograph and the 
contact line. 

7.  Conclusions

One of the current collecting problems is to assure a 
permanent contact between the pantograph and the 
contact line but without using too high forces. Knowing 
the relation between the contact force and the high of the 
skate of the pantograph gives the possibility to estimate 
the place to attach the resort on the pantograph’s bar. 

In the cases 1, 2, 5, 6, 9, 10 the resort is attached in 
a slanting way. In the cases 3, 4, 7, 8, 11, 12 the resort is 
horizontal attached for every high of the pantograph. To 
estimate the influence of the resort position related to the 
oscillation point in the cases 1, 3, 5, 7, 9, 11 the resort 
is attached above of the oscillation point and in cases 2, 
4, 6, 8, 10, 12 it is attached below the oscillation point. 
Analyzing the 12 cases we can conclude:
•	 If the resort is attached above of the oscillation point 

all the coefficient of the trigonometrically functions 
are the same;

•	 The contact force variation depends strongly by 
the position of the resort: if the resort is horizontal 
(above or below of the oscillation point) the variation 
curve is the same.

•	 For the situations when the resort is attached by a 
crank (above or below of the oscillation point), in the 
relation of the force it appears a new expression. 

•	 The 9th case offers a low variation of the force, assuring 
a better power collecting for the vehicle. 

It is to mention that the pantograph is droved by a 
resort, but it could be used any other mechanism, like 
pneumatic or hydraulic drive system.
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Appendix 1 

Nomenclature

A - Distance between the jointed point O1 and the 
jointed point of the resort, O4.

a, b, c – Constant parameters of the resort;

F – Vertical force due to the resort of the pantograph;

Fr – Force due to the resort;

Fr0 , Frv – Horizontal and vertical components forces for 
the force Fr;

G – Weight of the inferior arm of the pantograph;

g – Mass of the pull bar when the resort is not attached 
directly to the inferior arm;

hl – High of the skate;

k0 – Elastic constant of the resort;

k1 = a + b+ c - Elongation of the resort;

x – Variable parameter of the resort;

l – Length of the inferior arm of the pantograph;

Mg – Torque due to the weight of the inferior arm of the 
pantograph;

Mr – Torque due to the resort;

MR - the resultant torque;
r – Length of the pull bar.



Abstract 
Objectives: To estimate the impact of the critical speed over the power collecting system for the electric trains. Methods/
Analysis: Two models regarding the critical speed estimation related to the resonance phenomenon in the pantograph-
­catenary system are studied: firstly, by the differential equation of the contact point trajectory, and secondly by the maximum 
kinetic energy and the maximum potential energy over a span. Simulations for the pantograph-catenary ­interaction at train 
speeds close to the critical ones are done. Tests for different speeds were realised on an experimental stand. Findings: 
Records of the pantograph-catenary system’s behavior show the influence of the critical speeds over the power ­collecting 
system and knowing the critical speeds on different trucks, it can be established the maximum speeds for the railway 
­vehicles. It is to observe that the critical speed depends strongly on the mechanical tensions in the contact line and on the 
linear mass of the contact line. Applications/Improvements: Two relationships were established for the critical speed, 
one considering mechanical tension into the wire and another considering the length span. A test bench was developed for 
the pantograph-catenary researches. 
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1.  Introduction 
The pantograph-catenary system assures all along the 
track the power supply for the traction motor and for 
the equipment of the electric trains. The catenary system 
is used from the beginning of the electric railway, being 
an efficient system, but it has some drawbacks. As the 
train speed increases, the current collecting complex-
ity increases too, due to some parameters such as: speed, 
train vibrations, catenary oscillations, aerodynamics, the 
catenary and pantograph construction, etc1. The prob-
lems regarding the contact between the pantograph and 
the contact wire are largely studied in the literature with 
important results, considering the pantograph-catenary 
models and simulations1,2. In3 it is assumed that the con-
tact occurring between contact strip and contact wire is 
mostly influenced by the dissipated power at the contact 
due to arcing, friction effect and Joule effect. Thermal 
problems of the contact are also important, in order to 

avoid the over-heating due to the high currents, being 
necessary to consider the analysis of the thermal model of 
electric contacts in electric rails system4,5. 

A limitation of the operational speed of trains is the 
wave propagation velocity on the contact wire C6, given 

by the relation ( )rr
p /2

2
TL

EIC +




= , where T 

is the tension of the contact wire, ρ is the contact wire 
mass per length unit, EI is the beam bending stiffness and 
L is the beam length. For high-speed catenaries, the sec-
ond term of the relation dominates the critical speed and 
the first term becomes negligible. When the train speeds 
approach the wave propagation velocity of the contact 
wire, the contact between the pantograph and the cat-
enary is harder to maintain due to the increasing in the 
amplitude of the catenary oscillations and to the bending 
effects. In order to avoid the deterioration of the contact 
quality, the current regulation imposes a limit to the train 
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speed of V = 0.7C6. Even for the foundation of the truck 
there are studies on the critical speeds, as in7,8. 

These critical speeds (above 200 m/s)7 are higher than 
for the contact wire but the results have direct application 
on estimates of ground vibrations induced by high-speed 
trains, and permit to evaluate the level of the additional 
loading factor to which high speed trains and tracks must 
be designed. Normally, train speed is less than 70% of the 
wave speed of the contact wire. If the vehicle’s operation 
speed approaches to the wave speed of the contact wire, 
the probability of loss of contact is increased. Because of 
this loss of contact accompanying electric arcs between 
them, the current collector system becomes seriously 
damaged. Therefore, it is very important to maintain a 
stable contact force between the catenary and the col-
lector plate of the pantograph. Because of the increasing 
interest in high-speed railway vehicles, the dynamic 
interaction between the catenary and the pantograph at 
high speeds has been studied extensively9. There are also 
studies regarding unconventional methods to supply the 
electric traction vehicles10. 

To study the pantograph-catenary interaction in real 
conditions, that is on trains, is difficult due to the high 
costs, the perturbation of the trains schedule, the neces-
sity to adapt the current collecting system to the necessity 
of the data acquisition. This is why there are used test 
benches for the researches11 using different systems for 
the pantograph-catenary interaction structure. 

In this paper we realise an analysis of the critical speed 
for the pantograph-catenary system considering different 
relations to estimate it. It is analyzed the mathematical 
model of the interaction pantograph-catenary by simula-
tions at the speeds of the train close to the critical speeds. 
On an experimental stand it is analyzed the interaction 
pantograph-catenary at critical speed. 

2.  Critical Speed Estimation 

2.1 � Critical Speed Estimation considering 
the Trajectory of the Contact Point

For the pantograph-catenary system it is important to 
estimate the differential equation of the trajectory of the 
contact point, with some simplified assumptions12,13: 

The pantograph-catenary structure is considered to 
be a system with elastic masses which are placed verti-
cally, one above another; the contact force will determine 
the variation of the height of the contact point linked 

to the kinetic energy of the masses. It is considered that 
the pantograph-catenary system has only one degree of 
freedom, which is in vertical direction; 

There are neglected the dynamic forces due to the 
vibrations; 

It is neglected the friction force between the contact 
wire and the skate of the pantograph; 

It is neglected the aerodynamic influence (the air drag, 
the lateral wind); 

The stiffness of the contact wire has a sinusoidal 
variation along a span; 

The contact force due to the mechanical system of the 
pantograph (the spring) is constant. 

Even considering these hypotheses, it is difficult 
to establish a mathematical model that reflects the 
phenomenon in its all complexity, because there are many 
parameters to estimate. Figure 1 presents the simplified 
model for the catenary and the pantograph. 

The mathematical model is described by the next 
relationships14: 

For the vertical movement of the catenary: •	

	
2

2
2c c k c

d y dy
m v b F k y

dxdx
+ = − � (1) 

For the vertical movement of the pantograph: 

	
2

2
02p k

d y
m v F F

dt
= − � (2)

From the equations (1) and (2) it results the differential 
equation of the trajectory of the contact point: 

	 ( )
2

2
02c p c c

d y dy
m m v b k y F

dxdx
+ + + = � (3)

Considering a sinusoidal variation over a span length for 
the mass of the catenary mc and the stiffness coefficient kc: 

Figure 1(a).  The catenary model. (b). The pantograph 
model.
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	 x
L

aay p2cos10 += � (10)

The formula for the critical speed vk results considering 
the conditions when the coefficient a0 and a1 become 
infinite (and also y). These conditions are fulfilled if the 
denominator of the a0 and a1 from the equation (9) are 
zero14. 

The relation for the critical speed is: 

	






 αα

−+
α−

π
=

2
1

2
11

2
0

02

km
c

c
kk

mM

k
.Lv .� (11)

2.2 � Estimation of the Critical Speed 
Considering the Kinetic Energy and the 
Potential Energy of the Contact Wire 

Another possibility to analyze the critical speed is based 
on the analysis of the maximum kinetic energy, respec-
tive the maximum potential energy for a length L of a 
span for the vertical movement of the pantograph-cate-
nary system, neglecting the influence of the dissipative 
forces. Thus, during the oscillations due to the force F0 
of the springs of the pantograph (which will lift the con-
tact wire), the contact wire could be considered to have a 
parabola shape. 

Thus, the total kinetic energy Ec, corresponding to the 
vertical movement of the catenary mass mc0 on the span 
length L , will be depicted as, 

	
2

2
0

1 2
2

L

c
dh dE
dt dx

 =   ∫ � (12)

where dh/dt represents the speed of motion of the mass of 
the catenary mc0dx at the distance x  from the centre. 

According to the Figure 2, for the lifting h  of a point 
from the contact line placed at the distance x from the 
middle of the span: 

	 




 −= 2

20
41 x
L

hh � (13) 

The oscillation of the contact line is considered to be 
a harmonic one16: 

 	 thh wsinmax00 = � (14)

where h0max is the amplitude of the oscillation in the 
middle of the span. 

	





 −= x

L
mm mcc

pa 2cos10
,			 

	 




 −= x

L
kk kcc

pa 2cos10 � (4)

where the coefficient of irregularity of the mass of the 
catenary αm and the coefficient of irregularity of the 
stiffness of the catenary αk are given by: 

	
minmax

minmax

mm
mm

m +
−

=a , 
minmax

minmax

kk
kk

k +
−

=a ,� (5)

and 

	 





 +





 −= pmc mx

L
mM pa 2cos10 .� (6)

The differential equation (3) becomes: 

	
2

2
0 02

21 cosc c k
d y dy

Mv b k x y F
dx Ldx

pa + + − =  
.�(7)

For the estimation of the critical speed it is proposed 
the solution14,15: 

	 x
L

bx
L

aay pp 2sin2cos 110 ++= � (8)

with:
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  
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

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	 (9)

Considering the damping coefficient of the catenary 
as bc = 0, it results b1=0, and the relation (8) becomes: 
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For 0TT =  it is established as ξ =1. 

	 b) 
0

0
0 y

hF = ,� (18)

where ( ) ( )( )fTTLy +⋅⋅= 00 4/x  is considered 
constant, independent of F0. 

For the first case, the potential energy relationship can 
be written in the form of:

	 ( ) ( )max0 0 2
max 0 0 0max0

4 21 hf f
p

T T T T
E h dh h

L Lx x

+ +
= =∫ ,� (19)

and for the second case:

	 max 2
max 0 0 0max00 0

1 1
2

h

pE h dh h
y y

= =∫ � (20)

Taking into account the equations (15) and (19), and 
the equations (15) and (20), it results

 	 ( )02 2 2
0 0max 0max

24
15

f
c

T T
m Lh h

L
w

x

+
= � (21)

and 

	 2 2 2
0 0max 0max

0

4 1
15 2cm Lh h

y
w = � (22)

with 
( )0

2
0

15
2

f

c

T T

m L
w

x

+
= , and ξ =1. 

The frequency of the free oscillations can be described 
by:
1.	 Considering mechanical tension into the wires: 

	
0

0
)(

436,0

c

f
a m

TT
L

+
=n � (23)

2.	 Considering the length of the span: 

 	 ( )
0 0

10,218b
cm Ly

n = � (24)

Under these circumstances, critical speed can be 
described with the following relation: 

	 0
( ) ( )

0
0, 436 f

cr a a
c

T T
v L

m
n

+
= = ,� (25)

or

	 ( ) ( )
0 0

0,218cr b b
c

Lv L
m y

n= = � (26)

It is considered that the value of the maximum kinetic 
energy occurs when the contact wire passes through 
horizontal position ωt = kπ, (k = 0,1,2…). In these condi-
tions, the maximum kinetic Ecmax energy equation will be 
written as: 

 	
2

2 2 22
max 0 0max 0 0max20

4 41
15

L

c c cE m h x dx m Lh
L

w w
  = − =    ∫ �(15)

The maximum potential energy corresponds to the 
maximum value of the catenary displacement, which is 
for ωt =π/2+ kπ. If the force of motion F0 is a function of 
h0, the maximum potential energy will be: 

 	
max

max 0 00

h

pE F dh= ∫ � (16)

There are considered two situations: 

	 a) 
( )

x
14 0

00 L
TT

hF f+
= ,� (17)

where ξ is a damping coefficient due to the sectional static 
stiffness. 

(a)

(c)

(b)

Figure 2.  The forces acting on the catenary. (a) The 
catenary at standstill. (b) The shape of the catenary when 
the pantograph is on the middle of the span. (c) Catenary 
analysis for a distance x from the middle of the span.
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The contact force acting on the elastic system 
pantograph-catenary can be described by17:

	 { }0),()(max 121121 xxbxxkf  −+−= � (28)

During the transfer of the electric current from the 
contact wire to the pantograph, it is considered that the 
pantograph is in permanent contact with the wire cxx ≡1  
and thus, the contact force f will have positive values. In 
this context, according to the Figure 3, it can be written:









++=++++
−+−−++=++

−+−=++

)()()(
)()()(

)()()()()(

222233233233

1211213232222222
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tfxbxkxkkxbbxm
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xxbxxkxtkxtbxtm

q

c

ccc







� (29)

where )()( tfty = is the contact force.

3. � Simulations of the Pantograph-
Catenary System for Critical 
Speeds

For a comparative analysis of the critical speeds established 
by the relations (11) and (26), there are considered the 
parameters with the following values: mc0 = 195 kg, mp = 
17.1 kg, kc0 = 7000 N/m, αm = 0.95, αk = 0.95, T0 = Tf = 20 
kN, h0 = 0.35 m, L= 60 m. The speeds are denoted as vk1 
for the relation (11), vk2 for the relation (26). 

The maximum values of the critical speeds are 
estimated as: vk1max = 73.92 m/s (266 km/h) and vk2max = 
69.44 m/s (233.7 km/h) shown in the Figure 4. 

It is to observe a low difference between the critical 
speeds values, resulting that the vehicle could run safely 
on such a contact line with lower speeds than the critical 

Since the stiffness from a span to another are different, 
(it is minimum in the front of the pillars and maximum in 
the middle of the span), when the pantograph passes under 
the contact wire, especially at high speed, the wire is influ-
enced by a mass force given by the alternative motions of 
the pantograph, resulting an oscillation of the wire16. In the 
case of the sinusoidal trajectory, for the low speed of the 
trains, the force of inertia is variable between minimum 
at the front of the pillars and maximum in the middle of 
the span. Considering the same simplified assumptions 
as above, in Figure 3 it is presented a model17-19, for the 
interaction between the pantograph and the catenary. 

The mechanical parameters characterizing the 
pantograph-catenary interaction in Figure 3 have peri-
odic variations along a span and can be described by the 
relationships (27), which represent a Fourier series of the 
parameters of the catenary, considering the second and 
the third harmonics: 
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Figure 3.  The model of the pantograph-catenary 
interaction.

Figure 4.  Variation of the critical speed Vk depending on 
the linear mass mc.
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considered that for this speed of the vehicle there are no 
problems regarding the power collecting on the vehicle. 

Figure 6 presents the variation of the parameters of 
the contact line on the same truck side. The speed of the 
pantograph is v = 150 km/h, which is below the critical 
speed. The maximum values for the stiffness coefficient of 
the contact line kc oscillate between the 19954 Nm s− and 

111170Nm s−  and a minimum of 14134Nm s− . 
The damping coefficient of the catenary bc oscillates 

with values between 1452.1Nm s−  and 1542Nm s− , with a 
minimum of 138.04Nm s− . The mass of the catenary has 
maximum values of 283.1 kg and 320 kg and a minimum of 
110 kg. In these conditions it results that the contact line has 
relatively constant amplitudes and the energy transfer from 
the line on the vehicle is achieved in good conditions. 

Figure 7 presents the variation of the param-
eters of the contact line on the same truck side. The 
pantograph has the critical speed given by the relation 

one. It has considered as reference speed the values for 
vk1 the Equation (11). So, it has been computed the errors 
for the speed vk2 which uses the Equation (26). From the 
errors computation it results for formula (26) the error 

2 1
1

1
100% 6.06%k k

k

v v
v

e
−

= ± ⋅ = − , which is a low 

value. 
It is also to observe that the critical speed depends 

strongly on the mechanical tensions in the contact line 
and on the linear mass of the contact line. Thus, an 
increasing of the tension will result in an increase of 
the critical speed. The critical speed also depends on 
inverse ratio with the mass of the catenary. The oscil-
lations of the contact line at the critical speed can be 
analyzed considering the model in Figure 3, the rela-
tions in (27) and the parameters with the following 

values: 0 195cm kg= , 1 100cm kg= , 2 20cm kg=

, 3 5cm kg= , 1
0 240cb Nm s−= , 1

1 240cb Nm s−= , 
1

2 50cb Nm s−= , 1
3 12cb Nm s−= , 1

0 7000ck Nm s−= , 
1

1 3360ck Nm s−= , 1
2 650ck Nm s−= , 1

3 160ck Nm s−=

, 2 7,6m kg= , 3 9,5m kg= , 1
1 5000b Nm s−=

, 1
2 20b Nm s−= , 1

3 5000b Nm s−= , 5 1
1 10k Nm s−= , 

1
2 3421k Nm s−= , 03 =k , NF 1000 =  17. 

Figure 5 presents the variation of the parameters of the 
contact line along the truck for a speed of v = 100 km/h, 
(below the critical ones). The stiffness of the contact line 
kc varies between a minimum of 4134 N/m⋅s and a maxi-
mum of 11170 N/m⋅s; the damping coefficient is between 
the 138.11Nm s−  and 1542Nm s−  and the catenary mass 
oscillates between 110 kg and 320 kg. These variations 
have constant amplitudes all along the truck and it can be 
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Figure 5.  Parameters variation of the contact line for a 
speed of v = 100 km/h.

Figure 7.  Parameters variation of the contact line for the 
speed vk1max= 266 km/h.
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Figure 6.  Parameters variation of the contact line for the 
speed v = 150 km/h.
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(8), vk1max = 266 km/h. From the graphics it results a 
variation of the amplitudes with a period time of T = 38s. 

The stiffness coefficient of the contact line kc has 
the same maximum and minimum ( 111170Nm s−  and 

14134Nm s− ) for t = 18 s, 56 s, 94 s, 132 s a.s.o.. For a 
period of time of T = 38s it has a different maximum and 
minimum, which are 18251Nm s−  and 14132Nm s− . The 
damping coefficient bc has the maximum and minimum 
as above ( 1542Nm s−  and 138.04Nm s− ) for the same 
moments in time (18 , 56 , 94 ,132 )t s s s s= . Also, for a 
period time of T =38 s, it has maximum and minimum 
values of 1327.1Nm s−  and 138.13Nm s− . The mass of 
the catenary has also a variation with the period time T 
=38 s, with values of 231.7 kg and 110.1 kg.

Considering these oscillations, the movement of the 
pantograph could not be considered being safe, because 
at any of these moments it could appear detachments 
between the collector head and the contact line, with neg-
ative effects in power collecting on the vehicle. With the 
above parameters, considering the model in Figure 3 and 
the relations (27-29), there are estimated the variation of 
the contact force, see Figure 8, and the variation of the con-
tact point, Figure 9, for a vehicle speed of 100 km/h and a 
critical speed of vk1max = 266 km/h. In Figure 8(a) and 8(b) 

it can be observed that the contact force oscillates around 
the values of 100 N, with a maximum of Fmax = 113.2 N 
and a minimum of Fmin = 85.78 N. 

(a) presents the lift of the contact point for a speed of 
the vehicle of 100 km/h, with positive variations between 
a minimum of x1min = 0.002 m and a maximum of x1max = 
0.032 m. Figure 9(b) shows the variation of the contact 
point for the critical speed of 266 km/h. In this case there 
is a lift of 0.01 m at t = 1.5 s, and after that it appears some 
oscillations with negative amplitudes. 

Thus, the contact point has a minimum of x1min = -0.014 
m and a maximum of x1max = 0.044 m. These negative val-
ues give the detachments of the collector head from the 
contact line with consequences in power collecting inter-
ruptions on the vehicle.

4. � Experimental Analysis of the 
Pantograph-Catenary System 
at Critical Speed 

An experimental stand was developed in order to study 
the pantograph-catenary system’s behaviour at different 
speeds shown in Figure 10. 

Figure 8.  Variation of the contact force. (a) v = 100 km/h; 
(b) vk1max = 266 km/h.
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Figure 9.  Variations of the contact point: (a) v = 100 km/h; 
(b) vk1max = 266 km/h.
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voltage ratio of 50A/5V. The voltage at the terminals of 
the traction motor was recorded on channel 2 (C2). The 
voltage signal was acquired by a voltage probe Hall LV 
100-100 type, with a voltage ratio of 100V/50mA. Using 
a 100 Ω standard resistance it results in a transform ratio 
of 100V/5V. The waveform of the contact voltage was 
recorded directly on channel 3 (C3). 

Figure 11 shows the experimental waveforms for 
current and voltage for the speed of 100 km/h. In this case 
the waveforms haven’t important variations: there are no 
important variations of the load current (Channel C1) 
and the voltage on the traction motor (Channel C2) and 
the voltage drop between the pantograph and the contact 
line (Channel C3). 

These waveforms have been recorded at the speed 
of 100 km/h, lower than the critical speed of 266 km/h, 
hence, at this speed; there are no risks of detachments of 
the collector head from the disk.

Figure 12 shows the experimental waveforms for 
current and voltage for the critical speed of vk1max = 266 
km/h. In this case the waveforms have important oscilla-
tions. It can be observed that there is no variation in the 
load current (Channel C1) but there are variations of the 
voltage of the motor (Channel C2). Also, it can be notice 
that the voltage across the pantograph and the contact 
line (Channel C3) has important variations, between 250 
mV and almost 2 V. Hence, at the same value of the load 

An asymmetrical pantograph, 1. At a scale of 1:4 as 
regarding a real system (a real pantograph used on an 
electric locomotive and the distance between the two con-
secutive droppers) is used. A rotating copper disk, 2. With 
a diameter of ΦCu = 477 mm and a thickness of gCu = 8 mm 
is used as a contact line. 3. The rotating disc is in contact 
with the graphite skate. The disc has an eccentricity and 
it is elastically fixed in order to reproduce the oscillations 
of the contact line. 

The disc is droved by an electric motor, 4. Controlled 
with a static converter for linear speeds vD corresponding 
from 0 to 75 km/h. For the scale 1:4 the maximum cor-
responds to a train speed of 300 km/h. It is to mention 
that the pantograph has the classical mechanical lifting 
(springs) system, 5. Used for the main lifting force. The 
pantograph model has a low inertia, a good lateral sta-
bility, a constant contact pressure for a specific height 
and a low wear of the carbon skate. As load it is used a 
model bogie, 6. With two D.C. traction motors. The speed 
of the vehicle is simulated by the rotation of the copper 
disk. Thus, for a speed of 100 km/h, the disk rotates with a 
speed of 1109.1 rot/min and for 266 km/h the disk rotates 
with 2959.7 rot/min. The disk is mounted with an eccen-
tric axle in order to reproduce closely the real contact 
line between two suspension points. Thus, it will result a 
sinusoidal trajectory of the contact point. 

With the aim of recording the current and voltage 
waveforms, a digital oscilloscope type LeCroy Wave Surf 
400 has been used. On the first channel (C1) the load cur-
rent has been recorded using a current probe Hall LA 55P 
type, with a transform ratio of 50A/50 mA. A resistance 
standard of 100 Ω was used, which, finally, resulted in a 

Figure 12.  Experimental waveforms for current and 
voltage at vk1max = 266 km/h.

Figure 11.  Experimental waveforms for current and 
voltage for v=100 km/h.

Figure 10.  Pantograph-catenary experimental stand.
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current, the contact resistance between the pantograph 
and the contact line increases and that means power 
losses at high values. 

The contact voltage has large variations because of 
the detachments between the collector head and the disk 
with the risk of occurring an electric arc between them. 
These tests show the influence of the critical speed over 
the pantograph-catenary system’s behaviour. 

5.  Conclusions
In order to provide a permanent contact between the 
collector head and the contact line the pantograph has to 
trace closely the contact line. Because of the contact force of 
the pantograph the contact wire is lifted up, and, in combi-
nation with the vehicle’s movement, it results a movement of 
the deformation of the contact line. This longitudinal defor-
mation of the contact line propagates along the truck as 
elastic waves. As the speed of the vehicle increases, there also 
increases the speed of the propagation of the deformation, 
approaching the critical speed of the catenary. 

This paper presents an analysis of critical speeds 
considering some models regarding the critical speed 
estimation on the pantograph-catenary system related to 
the resonance phenomenon in the pantograph-catenary 
system. A comparative analysis is also presented for the 
critical speed depending on the mechanical tensions in 
the contact wire and its mass. It was analyzed the math-
ematical model of the interaction pantograph-catenary 
and were performed simulations at the speeds of the train 
close to the critical speeds. The variations of the contact 
force, the damping coefficient of the catenary, the stiffness 
coefficient along a span of the catenary, and the mass of 
the catenary distributed along a span are analysed as sim-
ulations results. On an experimental stand it is analyzed 
the interaction pantograph-catenary at critical speed. 
Records of the pantograph-catenary system’s behaviour 
show the influence of the critical speeds over the power 
collecting system and knowing the critical speeds on dif-
ferent trucks, it can be established the maximum speeds 
for the railway vehicles. 
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Nomenclature
bc	 –	 Damping coefficient of the catenary; 
Ec	 –	 Kinetic energy of the catenary; 
Ecmax	–	 Maximum kinetic energy of the catenary; 
Epmax	–	 Maximum potential energy of the catenary; 
Fk	 –	� Contact force between the collector head and the 

contact wire; 
F0	 –	 Force of the resort of the pantograph; 
fq(t)	 –	� Control force on the lower arm of the 

pantograph;
fc(t)	 –	� Control force on the upper arm of the 

pantograph; 
h	 –	 Vertical amplitude of the contact wire; 

h0	 –	� vertical amplitude of the contact wire in the 
middle of the span; 

h0max	–	� maximum vertical amplitude of the contact wire 
in the middle of the span; 

kc	 –	 Stiffness coefficient along a span of the catenary; 
kc0	 –	 Medium stiffness coefficient; 
L	 –	� Distance between two successive suspensions of 

the catenary; 
M	 –	� The sum of the equivalent mass of the pantograph 

and of the contact wire;
mp	 –	 Total mass of the pantograph; 
mc0	 –	 Linear mass of the contact line; 
mc	 –	 Mass of the catenary distributed along a span; 
T0	 –	 Mechanical tension into the messenger wire in 

standstill; 
T	 –	� Mechanical tension into the messenger wire 

during the pantograph movement; 
Tf	 –	 Mechanical tension into the contact wire; 
v	 –	 Train speed; 
vk	 –	� Critical speed of the pantograph–catenary 

system; 
y0	 –	 Cross static elasticity of the contact wire; 
αm	 –	� Coefficient of irregularity for the mass of the 

catenary; 
αk	 –	� Coefficient of irregularity for the stiffness of the 

catenary; 
ν(a), ν(b)  – � Free oscillation frequency for the 

catenary. 
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Abstract

The heating, ventilation and air-conditioning (HVAC) system represents the main auxiliary load 
for any type of bus. Being the most significant energy-consuming auxiliary load for the electric 
bus, it must be given special attention in an electric bus system design. To study the heat transfer 
and thermal optimization for passenger comfort in the electric bus computer-aided design (CAD) 
is used. The geometry of an electric bus interior is designed considering the main components 
of the vehicle: passenger cabin, driver’s cabin, windows, walls, and seats. Materials of the same 
type as those used in the real bus are considered for the geometry model. Based on the heat 
transfer theory, a thermal model and simulations are made for the heat transfer inside the elec-
tric bus. The simulated data are compared with measurement data, and based on these, it can 
be concluded that the thermal model of the electric bus can be validated and used further for a 
wide variety of thermal simulation types.
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Povzetek 
Sistem  ogrevanja,  prezračevanja  in  klimatizacije  (HVAC)  predstavlja  glavno  dodatno 
obremenitev  za  vse  vrste  avtobusov.  Ker  gre  za  sistem  z  največjo  porabo  energije  pri 
električnem  avtobusu, mu moramo  posvetiti  posebno  pozornost pri dizajniranju  električnega 
avtobusa.  Pri  študiji  prenosa  toplote  in  optimizaciji  v  smislu  udobja  potnikov  smo  uporabili 
računalniško  podprto  dizajniranje  (CAD).  Postavitev  notranjosti  električnega  avtobusa  je 
zasnovana  glede na  glavne  komponente  vozila: prostor  za potnike, prostor  za  voznika, okna, 
stene  in  sedeže.  V  oblikovanem  modelu  so  uporabljeni  materiali  iste  vrste  kot  v  realnih 
avtobusih.  Na  podlagi  teorije  o  prenosu  toplote  smo  naredili  model  in  simulacije  prenosa 
toplote  znotraj električnega avtobusa, nakar  smo primerjali podatke  iz  simulacije  s podatki  iz 
meritev.  Iz  izvlečkov omenjene primerjave  lahko zaključimo, da  je termični model električnega 
avtobusa mogoče validirati in nadalje uporabiti za najrazličnejše termične simulacije.  

 

1 INTRODUCTION 

Energy consumption per trip for an urban vehicle is a major design factor, which is influenced by 
the driving pattern, the topology, the climate conditions and the payload. The energy required 
by  the auxiliaries  is not negligible, so  that  the efficiency enhancement of  the auxiliaries could 
lead to an improvement of global energy use in the vehicle, which is particularly important for 
innovative means of  transport which are characterised by a  limited  range,  such as  that of an 
electric bus.   

The importance of energy consumption for non‐traction needs is revealed when considering the 
percentage distribution of energy consumption  in annual scales  for a bus system  [1]:  traction 
needs represent about 52%, non‐traction needs on stopping about 13% and non‐traction needs 
for route operation about 35%.   

A key parameter affecting the auxiliary energy consumption is the external temperature. A rise 
of 10 oC can lead to an energy consumption increase of about 0.75kWh/km [2].  

An important input parameter is the setpoint temperature within the electric bus cabin. Usually, 
the setpoint is kept at a constant temperature that is comfortable for the passengers inside the 
bus,  but  the  “comfort  aspect”  is  a  relative  aspect  concept. What  a  person  perceives  as  a 
comfortable  temperature depends on many parameters, such as  [3] air humidity, air velocity, 
radiation, seasonal effects, and metabolism.  

Attention  is  given  to  the  optimization  of  the  thermal  system  of  electric  vehicles.  This 
functionality can be synthesized as:  

1. Dynamic  temperature setpoint: By considering  the different aspects of comfort, an energy‐
optimized  temperature  setpoint  control  can  be  implemented.  For  example,  a  temperature 
setpoint  can  vary  over  the day  to  account  for  ambient  temperature  changes.  This  results  in 
lower energy consumption of the HVAC system [3].   

2. Pre‐conditioning: The energy that is required for the heat to control the cabin climate is taken 
from  the  battery.  Therefore,  this  might  affect  the  driving  range  of  the  vehicle.  Besides 
minimizing the energy consumption of the HVAC system, pre‐conditioning can also be applied 
to  improve  the  vehicle’s driving  range of  the  vehicle.  Pre‐conditioning means  that  the  cabin 
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climate  is  already  controlled  towards  the  desired  temperature  while  the  vehicle  is  still 
connected to the charger, either in the depot or en route at terminal stops.  

Heat transfer theory, heat balance method and U‐Value definition are the foundations used  in 
calculations and modelling [4]. Based on the heat transfer theory, there are three mechanisms 
for transferring heat: conduction, convection and radiation.  

The Heat Balance Method is a common method for calculation of heating and cooling loads in a 
space or zone [4]. The total heat released into the cabin is given by:  

‐ Ambient load, as the thermal load caused by the temperature gradient between inside air and 
the ambient temperature, 
‐ Radiation loads,  
‐ Metabolic load, generated by human body, 
‐ Ventilation load, as the flow of fresh air, 
‐ Engine/Motor load, due to the bus motors, 
‐ AC load, for keeping the internal temperature in the comfort zone by heating or cooling.  

The heating, ventilation and air‐conditioning (HVAC) system represents the main auxiliary  load 
for any type of bus. Being the most significant energy‐consuming auxiliary load for the electric 
bus,  it must  be  given  special  attention  in  an  electric  bus  system  design.  The HVAC  systems 
usually  implemented  in  electric  buses  is  composed  from  a  rooftop  unit  comprising  a 
compression  refrigeration machine  and  several  heat  exchangers  for  air  cooling  and  heating. 
Heating can be also performed by heaters placed at the floor level and supplied from the main 
power supply, or from an auxiliary supply system (such as a battery), [5‐8].  

Energy needs for resistance heating can significantly increase the vehicle’s energy consumption. 
From measurements  on  a  12 m  electric  bus  [9],  it  is  estimated  the  average  electric  power 
necessary  to  keep  the  interior  of  the  vehicle  at  17  oC  on  a  cold  winter  day  with  ambient 
temperature of approximately ‐10 oC  is around 24 kW. Assuming a specific energy demand for 
traction and non‐HVAC auxiliaries of 1.2 kWh/km, a plausible value according to measurements, 
a  constant  24  kW  load  for  heating will  increase  vehicle  consumption  by  1.3  kWh/km  at  an 
average velocity of 18 km/h and 2 kWh/km at an average velocity of 12 km/h.  

Possible  measures  to  reduce  energy  consumption  of  the  HVAC  system  include  improved 
thermal  insulation,  double‐glazed  windows,  door  air  curtains  and  using  improved  control 
systems. Differently  from  the conventional HVAC system on current buses,  [10] an  integrated 
air‐conditioning and heating system specifically for an electric bus are proposed. For an i‐HVAC 
(integrated HVAC) system, an electrical heat pump type should be considered. 
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2 HEAT TRANSFER MODEL 

Thermal conduction is estimated considering Fourier’s Law, with heat flux given by: 

  q=‐k∙dT/dx [W/m2]   (2.1) 

where: 

q is the heat flux, 

k is the thermal conductivity, [W/m2K],  

T is temperature, [oC],  

x direction of the heat flux, [m]. 

Thermal convection is considered for the heat transfer between the air and the solid structure 
of the bus. Newton’s formula is considered in this case for the heat flux estimation: 

  q=‐h∙(Ts‐Tf) [W/m2]  (2.2) 

where: 

q is the heat flux, 

h heat transfer coefficient, [W/m2K],  

Ts is the temperature of the solid, [oC],  

Tf is the temperature of the fluid, [oC]. 

 

3 DESIGNING THE INTERIOR GEOMETRY MODEL OF THE
 ELECTRIC BUS 

To study the heat transfer and thermal optimization for passenger comfort  in the electric bus, 
computer‐aided design (CAD) is used, COMSOL Multiphysics, which has a special application for 
thermal aspects, the Heat Transfer Module. In order to simulate the heat process inside the bus, 
the  following  steps  are  to  be  followed:  geometry  modelling,  physics  settings,  solving,  and 
results. 

The  geometry of  the electric bus  is  constructed  as  a basic  geometry  and  is  composed  from: 
passenger  cabin;  driver’s  cabin;  bus  walls;  windshield; windows;  floor;  roof;  doors;  wheels; 
passengers  seats;  electric  air  heat  units  inside  the passenger  cabin; heating block  inside  the 
driver’s cabin. 

The dimensions of the electric bus are designed in the geometry model according to the actual 
dimensions of  the  real vehicle, an E321 electric bus used currently  in public  transportation  in 
Chisinau, Republic of Moldova [11, 12]. This is a low‐floor compartment vehicle with a capacity 
of  about  100  passengers,  with  a  150kW  electric motor,  with  four  heating  units  inside  the 
passenger  cabin.  The  components  of  the  vehicle  described  above  are  also  designed  on  the 
geometry model considering their actual dimensions on the electric bus. Thus, the model and 
the simulation results will be close to reality.  
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The  first  step  to build  the geometry model of  the electric bus was  to design  the passengers’ 
cabin and the driver’s cabin. For the modelling and simulations these areas will be considered to 
be filled with air.  

The second step in designing the geometry model is to design the exterior components, such as 
the front wall, rear wall, lateral walls, front windows (windshield), rear window, lateral windows 
and  the doors. For  this, a 2D  representation was used  (Figure 1), as a work plane design and 
plane  geometry  design.  For  each  of  these  components,  coordinates  for  the  size,  shape  and 
position are transferred into the geometry model.  

 

 
Figure 1: 2D design of the bus   

Having  the main  structure  of  the  geometry model,  the  heaters  can  be  designed  inside  the 
cabins. The passenger cabin is designed with four heaters and the driver’s cabin with one heater 
(Figure 2). Thus, in the passenger cabin, the first heater is placed on the right side of the vehicle, 
next to the third door, a second heater  is placed on the  left side of the vehicle,  in the middle 
area, the third heater is placed on the right side, after the second door, and the fourth heater is 
placed in front of the cabin, next to the glazed partition which separates the driver’s cabin from 
the passenger compartment (Figure 2).  

 
Figure 2: Heater positions inside the electric bus  
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A non‐transparent view can be used for a better identification of some of the components, as in 
Figure  3,  where  the  front  door  is  selected  to  accentuate  its  position,  dimensions,  and 
properties. A 3D grid can be also displayed  in order to estimate the spatial distribution of the 
components.  

The last main component of the geometry model is the current collecting system of the electric 
bus. This  system  is placed on  the vehicle  roof and consists of  two  skates placed on  two core 
bars, which assure the vehicle’s energy supply when it operates in a non‐autonomous way, like 
a trolley‐bus (Figure 4).   

 
Figure 3: Non‐transparent view of the geometry model  

The  finalized  geometry  has  87  domains,  676  boundaries,  1351  edges,  and  773  vertices.  This 
results in the basic geometry model of the electric bus, which will be used for the simulations.  

 
Figure 4: The basic geometry model of the electric bus; transparent view 

The materials considered  for  the components of  the bus  for  the model are  iron, glass, acrylic 
plastic,  fibreglass  and  PMMA  –  polymethyl methacrylate.  The  interior  volume  of  the  bus  is 
modelled as filled with air. 
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4 SIMULATION RESULTS AND ANALYSIS  

The main results of the simulations based on the thermal model are shown in Figure 5. Figure 5 
shows the temperature distribution inside the electric bus with a view from the right side of the 
vehicle.  The  temperatures  are  estimated  at  the  surfaces  of  the  bus  components.  It  can  be 
observed that the highest temperature, as expected,  is at the heaters  (40  oC), and the  lowest 
temperature  is  at  the  exterior  surface  of  the  roof,  next  to  the  power  collecting  box  system 
where the trolleys are attached (17.3 oC).  

 
Figure 5: Simulation results for the temperature distribution in the bus  

For a better visualization of the temperature distribution, it can be seen from the temperature 
variation  along  the electric bus  that  the higher  temperatures  are measured  around  the  area 
where the heaters are placed and the  lower temperature  (between 17 oC and about 25 oC)  in 
the area farthest from the heaters. For the validation of the thermal model, some experimental 
measurements of temperatures were taken at the various points  in the  interior of the electric 
bus. The results of the simulations were compared with the measured temperatures.  

The  temperatures were measured  in different areas  inside  the electric bus with a point‐and‐
shoot  infrared  camera  (FLIR  thermal‐imaging  camera).  The  temperature  measured  in  the 
driver’s cabin is 27.8 oC, quite comfortable for the driver. The temperature measured inside the 
electric bus, next  to a heater,  is 41.3  oC. These measurements are compared with  the values 
resulting  from  the  thermal  simulation  presented  above.  As  seen  in  Figure  5,  the  simulated 
maximum  temperatures  inside  the driver’s cabin are between 25.2  oC and 27.9  oC, which are 
quite close to the measured temperature of 27.8 oC (Figure 6). As for the heaters, the simulated 
temperature is 40 oC, which is close to the measured one of 41.3 oC. Comparing the simulated 
and measured temperatures, it can be concluded that the thermal model of the electric bus can 
be validated as correct and be used  further  for a wide variety of simulation  types  in order  to 
estimate the optimal solution to improve heat transfer inside the electric bus.  
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Figure 6: Temperature measured with a thermal‐imaging camera on the driver’s cabin  

 
5 CONCLUSIONS 

The geometry of an electric bus  interior  is designed considering  the main components of  the 
vehicle:  passenger  cabin,  driver’s  cabin,  windows,  walls,  seats  and  the  main  materials  in 
accordance with a real bus. To study the heat transfer  into the electric bus, a computer‐aided 
design is used based on the heat transfer theory. A thermal model and simulations are made for 
the heat transfer  inside the electric bus. The simulated data are compared with measurement 
data, and based on these data,  it can be concluded that the thermal model of the electric bus 
can be validated and used further for various thermal simulations.  
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Nomenclature 

(Symbols)  (Symbol meaning) 

h  heat transfer coefficient, [W/m2K] 

k  thermal conductivity, [W/mK] 

q  heat flux 

T  temperature, [oC] 

Ts  temperature of the solid, [oC] 

Tf  temperature of the fluid, [oC] 

x  direction of the heat flux, [m] 
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